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CHAPTER 1 



Introduction 

In this paper we develop the thermodynamical formahsm for measurable ex- 
panding random mappings. This theory then is apphed in the context of conformal 
expanding random mappings where we deal with the fractal geometry of fibers. 

Distance expanding maps have been introduced for the first time in Ruelle's 
monograph [16] . A systematic account of the dynamics of such maps, including 
the thermodynamical formalism and the multifractal analysis, can be found in [15j . 
One of the main features of this class of maps is that their definition does not require 
any differentiability or smoothness condition. Distance expanding maps comprise 
symbol systems and expanding maps of smooth manifolds but go far beyond. This 
is also a characteristic feature of our approach. 

In this paper we define measurable expanding random maps. The randomness is 
modeled by an invertible ergodic transformation 6* of a probability space (AT, B, m). 
We investigate the dynamics of compositions 

T" = Tg-a-i(^) o ... o , n>l, 

where the '■ Jx ^ J6(x) (2; G A") is a distance expanding mapping. These maps 
are only supposed to be measurably expanding in the sense that their expanding 
constant 7^; > 1 is measurable. 

In so general setting we first build the thermodynamical formalism for arbitrary 
Holder continuous potentials Lpx- We show, in particular, the existence, uniqueness 
and ergodicity of a family of Gibbs measures {i^xyxex- Following ideas of Kifer [llj . 
these measures are first produced in a pointwise manner and then we carefully check 
their measurability. 

Our results contain those in [1] and in (see also the expository article |13p 
if in the latter one assumes an expanding property. Throughout the entire paper 
where it is possible we avoid, in hypotheses, absolute constants. Our feeling is that 
in the context of random systems all (or at least as many as possible) absolute 
constants appearing in deterministic systems should become measurable functions. 
With this respect the thermodynamical formalism developed in here represents also, 
up to our knowledge, new achievements in the theory of random symbol dynamics 
or smooth expanding random maps acting on Riemannian manifolds. 

Our approach to the thermodynamical formalism stems primarily from the 
classical method presented by Bowen in [3] and undertaken by Kifer in . Un- 
like recent trends to employ here the method of Hilbert metric (as for example in 
Ejj |12| . [18j . |17| V Developing it in the context of random dynamical systems 
we demonstrate that it works well and does not lead to too complicated (at least 
to our taste) technicalities. We do not need any Markov partitions or (even aux- 
iliary) symbol dynamics. The measurability issue mentioned above results from 
convergence of the Perron-Frobenius operators. We show that this convergence is 
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exponential, which imphes exponential decay of correlations. These results precede 
investigations of a pressure function x i—t Px{^) which satisfies the property 



where A is any measurable set such that Tx\a is injective. The integral, against the 
measure m on the base X, of this function is a central parameter £P{ip) of random 
systems called the expected pressure. If the potential tp depends analytically on 
parameters, we show that the expected pressure also behaves real analytically. We 
would like to mention that, contrary to the deterministic case, the spectral gap 
methods do not work in the random setting. Our proof utilizes the concept of 
complex cones introduced by Rugh in [17| . and this is the only place, where we use 
the projective metric. 

We then apply the above results mainly to investigate fractal properties of 
fibers of conformal random systems. They include Hausdorff dimension, Hausdorff 
and packing measures, as well as multifractal analysis. First, we establish a version 
of Bowcn's formula (obtained in a somewhat different context in [2]) showing that 
the Hausdorff dimension of almost every fiber J'^ is equal to h, the only zero of 
the expected pressure £P{(pt), where (pt = — tlog|/'| and i g M. Then we analyze 
the behavior of /i-dimensional Hausdorff and packing measures. It turned out 
that the random dynamical systems split into two categories. Systems from the 
first category, rather exceptional, behave like deterministic systems. We call them, 
therefore, quasi-deterministic. For them the Hausdorff and packing measures are 
finite and positive. Other systems, called essentially random, are rather generic. For 
them the /i-dimcnsional Hausdorff measure vanishes while the /i-packing measure is 
infinite. This, in particular, refutes the conjecture stated by Bogenschiitz and Ochs 
in [2] that the /i-dimensional Hausdorff measure of fibers is always positive and 
finite. In fact, the distinction between the quasi-deterministic and the essentially 
random systems is determined by the behavior of the Birkhoff sums 



of the pressure function for potential iph = —h\og\T'\. If these sums stay bounded 
then we are in the quasi-deterministic case. On the other hand, if these sums are 
neither bounded below nor above, the system is called essentially random. The 
behavior of P" is often governed by stochastic theorems such as the law of the 
iterated logarithm whenever it holds. This is the case for our primary examples, 
namely conformal DG-systems and classical conformal random systems. We are 
then in position to state that the quasi-deterministic systems correspond to rather 
exceptional case where the asymptotic variance ~ 0. Otherwise the system is 
essential. 

The fact that Hausdorff measures in the Hausdorff dimension vanish has fur- 
ther striking geometric consequences. Namely, almost all fibers of an essential 
conformal random system are not bi-Lipschitz equivalent to any fiber of any quasi- 
deterministic or deterministic conformal expanding system. In consequence almost 
every fiber of an essentially random system is not a geometric circle nor even a 
piecewise analytic curve. We then show that these results do hold for many explicit 
random dynamical systems, such as conformal DG-systems, classical conformal 
random systems, and, perhaps most importantly, Briick and Biirgcr polynomial 
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systems. As a consequence of the techniques we have developed, we positively an- 
swer the question of Briick and Biirger (see [5] and Question 5.4 in [2]) of whether 
the Hausdorff dimension of almost all naturally defined random Julia set is strictly 
larger than 1. We also show that in this same setting the Hausdorff dimension of 
almost all Julia sets is strictly less than 2. 

Concerning the multifractal spectrum of Gibbs measures on fibers, we show 
that the multifractal formalism is valid, i.e. the multifractal spectrum is Legcndre 
conjugated to a temperature function. As usual, the temperature function is implic- 
itly given in terms of the expected pressure. Here, the most important, although 
perhaps not most strikingly visible, issue is to make sure that there exists a set 
Xma of full measure in the base such that the multifractal formalism works for all 
X £ Xma- Furthermore, for uniformly expanding conformal random systems we 
also deduce real analyticity of the multifractal spectrum. 



CHAPTER 2 



Expanding Random Maps 

This chapter provides the definition of expanding random maps. These are cen- 
tral objects of our work. We also introduce the spaces of continuous and Holder 
continuous functions and define transfer operators, the main tool for our investiga- 
tion. We prove here only few technical results. 

1. Preliminaries 

Suppose {X, T ^ m, G) is a measure preserving dynamical system with invertible 
and ergodic map : X — > X which is referred to as the base map. Assume further 
that a mapping X 3 x J^x given where (JT^, Qx) is a compact metric space such 
that 

dia.mg^{Jx) < 1. 

Let 

(1.1) J= [j{x}xJx. 

We will denote by Bx{z,r) the ball in the space [JxiQx) centered at z S J7x and 
with radius r, and frequently, for case of notation, we will write B{y, r) for Bx{z, r), 
where y = {x, z). 

Suppose finally that for every x (z X a, continuous mapping 

Tx '. J^x Jeix) 

is defined. We consider the skew-product map T : J ^ J defined by the formula 

(1.2) T{x,z) = {d(x),Tx{z)). 
For every n > we define the map 

^" '■= T^6^-^{x) ° ... ° Tx : Jx Je-^(x) 
and we have that T"'{x,y) ~ (6'"(x), T"(?;)). We will frequently use the notation 

x„ = r(x) 

for all integers n. 

2. Expanding Random Maps 

The first part of the paper and, in particular, the whole thermodynamical 
formalism is developed for expanding random maps which are defined in this section. 

A map T : J ^ J va called a expanding random map if the mappings Tx : 
Jx — > Je(x) are continuous, open, and surjective, and there exist a function X 9 
X r]x £ K+ and a real number ^ > such that following conditions hold. 

Uniform Openness. Tx{Bx{z,rix)) D B0(^x){Tx{z),^) for every {x,z) € J. 

5 
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Measurably Expanding. There exists a measurable function j : X —^ (l,+oo), 
X f—^ such that for m-a.c. x X , 

Qe(x){Tx{zi),Tx{z2)) >-ixQx{zi,Z2) whenever g^zi, Z2) < r]x, zi, Z2 & Jx- 

Measurability of the Degree. The function 

x^deg(T,):= sup #T-'{{y}) 

is measurable. 

Topological Exactness. There exists a measurable function x 1— *■ n^{x) such that 
for m-a.e. x € X 

(2.1) rr^^"^(S,(z,0) = Je"« for every z e 

Note that the measurably expanding condition implies that Tx\b{z,ti:c) one- 
to-one for every (x, z) € J^. Together with the compactness of the spaces J^x it 
yields the numbers deg(r3;) to be finite. Therefore the supremum in the condition 
of measurability of the degree is in fact a maximum. 

3. Visiting sequences 

Let F ^ T he a set with a positive measure. Define the sets 
V+f{x) := {neN: e"{x) £ F} 

and 

V-f{x) ■.= {neN: 6l-"(2;) € F}. 

The set V-^-pix) is called visiting sequence {of F at x). Then the set V-f{x) is just 
a visiting sequence for and we also call it backward visiting sequence. By nj{x) 
we denote the jth-visit in F at x. Since m{F) > 0, by Birkhoff's Ergodic Theorem 
we have that 

m{X'_^p) = m.{X'_F) = 1 

where 

X',i^ |x e X : V+f{x) is infinite and lim ^^^]^^^ ^ i\ 

and X'^p is defined analogously. The sets X'^_p and X'_p are respectively called 
forward and backward visiting for F. 

Let \['(x,n) be a formula which depends on x £ X and n G N. We say that 
^(z, n) holds in a visiting way, if there exists F with m{F) > such that, for m-a.e. 
X e ^'+F ^^'^^ j ^ the formula ^'(0"^ (x), (cc)) holds, where {nj{x))^Q is 
the visiting sequence of F at x. 

We also say that \I'(a;,rt) holds in a exhaustively visiting way, if there exists 
a family Fk € T with lim^^oo w(-Ffc) = 1 such that, for all k, m-a.e. x € X'^p^, 
and all j G N, the formula 'i'{9^^ {x),nj{x)) holds, where {nj{x))°^Q is the visiting 
sequence of Fk at x. 

Now, let /„ : X ^ M be a sequence of measurable functions. We write that 

s-lim /„ = / 

n — >oo 

if that there exists a family Fk G J- with limfc^oo w(i^„) = 1 such that, for all k 
and m-a.e. x G X'^p^ and all j G N, 

lim fnj{x) = f{x) 
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where {nj)°°^Q is the visiting sequence of Fk at x. 

Suppose now that gi, . . . , gk : X — > R is a finite coUection of measurable func- 
tions and let &i, . . . , 6„ be a collection of real numbers. Consider the set 

fe 

F:^f]g-\{-^,h]). 

If m{F) > 0, then F is called essential for gi, . . . , gj- with constants bi, . . . ,b„ (or 
just essential, if we do not want explicitly specify functions and numbers). Note 
that by measurability of the functions gi, . . . ,gk, for every e > we can always find 
finite numbers 6i , . . . , 6„ such that the essential set F for gi, ■ ■ ■ , gk with constants 
hi, ... ,bn has the measure m{F) > 1 — e. 

4. Remarks on Expanding Random Map 

If it does not lead to misunderstanding we will frequently identify jTx and 
{x} X J^. 

The conditions of uniform openness and measurably expanding imply that, 
for every y = {x,z) G J7 there exists a unique continuous inverse branch : 
Be(x)iT{y),^) Bx{y, rj^) of sending T^-^z) to z. By the measurably expanding 
property we have 

(4.1) g{T~\z,),T-\z,)) < j~'g{z,,Z2) 
for zi,Z2 e Be(^)(T(y),^), and 

(4.2) r-i(B,(,)(r(y),0) C B,{y,^-^0 C B.,{y,0- 
Hence, for every n > 0, the composition 

(4.3) = T-^ o T^^;^ o . . . o r^„i_,^^^ : i?,„(,) (r"(y), - B,{y,0 
is well-defined and has the following properties. The function 

r-«:i?,„(,)(T"(y),0-S.(2/,e) 

is continuous. 

T"oT-" = IdBg„^^j(7,„(j^)_j), 

Ty'"iT:{z)) = z 

and 

(4.4) ^,(T-"(zi),T-"(z2)) < {j:r'g{z^,Z2) 
for zi,Z2 e Be„(^)(r"(y),^), where 

7" = lxle{x) ■ ■ ■7e"-i(x). 

Moreover, 

(4.5) T-"(i3,.(.)(T"(y),0) C ^.(y, (7:)-^0 C B,{y,0- 

Lemma 2.1. for every r > 0, </iere exists a measurable function 
such that for m-a.e. x ^ X 

(4.6) r^''-(^)(S.(z,r)) = J(,„.(.)(.) for every z G 

Moreover, there exists a measurable function X 3 x t-^ j{x) € N such that for 
almost every x £ X 

(4.7) n^l^ (z, 0) = J. /or e?;ery z € . 
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Proof. In order to prove the first statement, consider 70 > 1 and the essential 
set F for —7 with constant —70- Then for x G X'^p, the hmit 

lim (7,")-i = 0. 

n — >oo 

Define 

X+F,k := {x € : (7,^)-!^ < r}. 

Then X+F,k C X+F,fc+i and ljj,gp^ X+j-,fc = X'_^p By measurabihty of x t-* -f^, 
X^p^k is a measurable set. Hence the function 

X'^p 3 X i-^ nr{x) := minjfc : x G X-^-p^k} + i^^ix) 

is finite and measurable. By (|4.5p and (|2.ip . T"'''^' (_B^(z, r)) = Jg,^A^)(x)- 

In order to prove the existence of a measurable function j : X ^ 'H define 
measurable sets Xj_„ := {x € X : n^{x) < n}, X'^^^ := 0"(X^ „) and = 
U„6N^C,n- Then the map 

X'^B X ^ j{n) := min{n G N : 2; G X'^^} 

satisfies (|4.7p for x G X^. Since m(6'"(X^_„)) = m(X^_„) 1 as n tends to 00, 
m(X^) = 1. ' □ 

5. Spaces of Continuous and Holder Functions 

We denote by C{J^x) the space of continuous functions gx ■ >Jx ^ ^ and by C(j7) 
the space of functions g : J' ^ such that, for a.e. x € X , x gx ■= g\j^ G C{J^x)- 
The set C{J) contains the subspaccs C^{J) of functions for which the function 
a; I— » 1 1 5x 1 1 00 is measurable, and C^{J^) for which the integral 

II.9II1 := / \\gx\\oo dm{x) < 00. 



Jx 

Now, fix a G (0,1]. By 'H'^{Jx) we denote the space of Holder continuous 
functions on J^x with an exponent a. This means that Lpx G Ti-^i J^x) if and only if 
'fix G C(Jx) and v(ifx) < 00 where 

where the infinimum is taken over all 21,22 € >7x with g{zi, Z2) < rj. 

A function (p G C^{Cf) is called Holder continuous with an exponent a provided 
that there exists a measurable function H : X ^ [l,+oo), x ^ Hx, such that 
logiJ G L^{m) and such that Va{(px) < Hx for a.e. x G X. We denote the space of 
all Holder functions with fixed a and H by TC"{J^, H) and the space of all a-H61der 
functions by 71°' {J) = Uh>i n°'{J,H). 

6. Transfer operator 

For every function g : J ^ <C and a.e. x G X let 

(6-1) Sngx^^gxoTl, 

and, if 5 : X ^ C, then 5„.g = ^2^=0 3 ° • 

Let </5 be a function in the Holder space Ti°'{J). For every x G X, we consider 
the transfer operator 

C-x ~ ^•p,x ■ C{Jx) Ci'Jdix)) 
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given by the formula 

(6.2) £.5.H- 5x(^)e'^-("\ weJe(,). 

T^{z)=w 

It is obviously a positive linear operator and it is bounded with the norm bounded 
above by 

(6.3) ||/:.||oo <deg(T,)exp(||^||oo). 

This family of operators gives rise to the global operator C : C{J) C{J) defined 
as follows 

{^9)x H = i^e-Hx)g0-Hx){w). 
For every n > 1 and a.e. x G X, we denote 

■C" '■= ^e-^-^{x) ° ••■ ° ^X ■ C{Jx) —f C{jQ-n(^)) . 

Note that 

(6.4) O.H= E 5.(^)e^"'"^("^ Je"(.)' 

where Sn^x{z) has been defined in (|6.ip . The dual operator £* maps C*{Jg(^x)) 
into C*(J'^). 

7. Distortion Properties 
Lemma 2.2. Let e 7i"(J', iJ), letn>l and let y = (a;, z) e J. T/ien 

n-l 

|5„<^,(T^""(^«i)) - ^„^,(T-"(ii;2))| < ^^"(^^'l,^«2) ^ (7;^^;^))"" 

/or an wi,W2e B{TJ^{z),C)- 

Proof. We have by (|4.4p and Holder continuity of that 

|5„<^,(r-"(z«i)) - s^^x{T--{w2))\ 

ri-1 



< E |^,(Ti(r-"(^«i))) ~ Vx{mT-^{w2)))\ 

ri-l 

<e"(^«i,^«2)E^«^M(7e"7;^))""- 



Set 

(7.1) Q.(i^) = E^e-(-)(^fl-(.))""- 



□ 
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Lemma 2.3. The function measurable and m-a.e. finite. Moreover, 

for every ip G Ti^iJ ■, H), 

\S7i'^x{Ty" {Wi)) - Sn'Px{T~'^ {W2))\ < Qe"{x)Q"iwi,W2) 

for all n > I, a.e. X € X , every z G J7x and every wi,W2 G B{T^^{z),^) and where 
again y = {x, z). 



lim - \o^Hg-j(x) = 



Proof. The measurability of Qx follows directly form (|7.1[) . 

Because of Lemma [221 we are only left to show that Qx is m-a.e. finite. Let F 
be an essential set for — log(7 — 1). Then there exists G > 1 such that jx > G for 
all X ^ F. Then, using Birkhoff's Ergodic Theorem for d~^, we get that 

liminf - V log 7^-5 (^) > X rn{F) log(G) 

•' k=0 

for m-a.e. x Cz X. Therefore, there exists a measurable function Cj : X [1, +00) 
m-a.e. finite such that 

(7.2) G7^(x)e«/2<7^.>.(,) 

for all j > and a.e. x G X. Moreover, since logiJ G L^{m) it follows again from 
Birkhoff's Ergodic Theorem that 

1 

J^oo j 

for a.e. x € X . There thus exists a measurable function Ch '■ X ^ [1, +00) such 
that 

(7.3) He^x) < CH{x)e^'^^l^ and < CH(x)e^"'^/4 

for all j > and a.e. x ^ X. Then, for a.e. a; G X, all n > and all a > j > n — 1, 
we have 

Therefore, still with = ^^^(x), 

n—1 n—1 

- < ^CH(x„)e("--'>>^/4C^(x„_i)e-"("--'")x/2 

n-l 

< C^(x„_i)C^^(x-„) ^ e-"("-^")'^/4 < C^"(x„_i)C^^(x„)(l - e-'^^l^)-\ 
j=o 

Hence 

< C^i9-'ix))CHix)il - e-"x/4)-i < 

□ 
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The RPF-theorem 



In this chapter we will establish a version of Ruellc-Pcrron-Frobenius (RPF) 
Theorem. Notice that this quite substantial fact is proved without any measurable 
structure on the space J . In particular, we do not address measurability issues of 
Aa; and q^- In order to obtain this measurability we will need and we will impose 
a natural measurable structure on the space J . This will also enable us to get 
appropriate uniqueness of A and g, and consequently uniqueness of Gibbs measures. 

1. Formulation of Theorems 

Let T : J ^ J \>ii a. expanding random map. Denote by M^J^^ the set of 
all Borcl probability measures era. J^. A family of measures {[ix\xex such that 
lix G M{Jx) is called T-invariant if ° = ^g(^x) for ^-G- x G X. 

The main results proved in this chapter are listed below. 

Theorem 3.1. Let ip e T-L'^{J) and let L = £^ be the associated transfer 
operator. Then the following holds. 

(1) There exists a unique family {vx^xex of probability measures (v^ € M{J^x) ) 
such that, for m-a.e. x G X , 

(1.1) C,*xVe(x) = Kvx 

for some \x G M. Then \x = i'0(^x){i^x'^) and supp(i^j;) = J^x- 

(2) There exists a unique function q G C^(J^) such that for a.e. x E X 

(1-2) Cxqx = ^xqe{x)- 

Moreover, qx G [Jx ) for a.e. x ^ X . 

(3) The family of measures {fix qxi^x}xi£X is T-invariant. 

Theorem 3.2. 

(1) Let ipx ^ y:>x + ^ogqx^^OE,qe{x)°T — \ogXx where X i-^ qx. Denote C :~ Cip. 
Then, for a.e. x Cz X and all gx G C{J^x), 

^x9x ' / Qxqxdvx. 

n — *oo J 

(2) Let ifix = — ^ogXx- Denote C := C^p. There exist a constant B < 1 
and a measurable function A : X —^ {0, oo) such that for every function 
g G C'^(i/) with gx G 'H°'{Jx) there exists a measurable function Ag : X ^ 
(0, oo) for which 

||(£"g), - ( j ge-^ix)dve-^ix))qA\oo < Ag{e-"{x))A{x)B" 

for a.e. a; G X and every n > I. 

11 
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(3) There exists B < I and a measurable function A' : X (0,c») such that 
for every fgr.^^) e Li(^0,>(^)) and every € H"(Jx), 



\fJ-x{{fe"{x) °T^)gx) ~ t^e"{x){f0"{x))fJ-x{gx)\ 



A collection of measures {fJ.x}x£X such that /i^^ G (J^x) is called a Gibbs family 
for (f G 'H°'{J) provided that there exists a measurable function D^p : X — > [1, +oo) 
and a function a; i— s- P^; , called the pseudo-pressure function, such that 

(1.3) [D^{x)D^{e-{x))r^ < ^\ ' J I"' < D^{x)D^{e-[x)) 

for every n > 0, a.e. x & X and every z ^ and with y — (a;, z). 

Towards proving uniqueness type result for Gibbs families we introduce the 
following concept. 

Measurability of Cardinality of Covers. There exists a measurable function X 3 
cc I— > € N such that for every x X there exists a finite sequence wl, . . . , w^'^ € 
J'x such that 

[jBiwi,0 = Jx- 

3 = 1 

In the case of random compact subsets of a Polish space (see Section [5]) this condi- 
tion is guaranteed by Lemma 14.111 

Theorem 3.3. The collections {vx}x£X o,nd{^x\x£X are Cibbs families. More- 
over, if J satisfies the condition of measurability of cardinality of covers and if 
{i^'x}xex is a Gibbs family, then v'^ and v^. are equivalent for almost every x £ X . 

2. Frequently used auxiliary measurable functions 

Some technical measurable functions appear throughout the paper so frequently 
that, for convenience of the reader, we decided to collect them in this section to- 
gether. However, the reader may skip this part now without any harm and come 
back to it when it is appropriately needed. 

First, define 

(2.1) D^{x) (degr;)-^xp(-2||5„^,|U) 

with 71 = n^{x) being the index given by the topological exactness condition (cf. 
(|2.1[) ). Then, let j = j{x) be the number given by Lemma [2Tl and define 

(2.2) C^{x) -.^ e«--. deg(ri_^)max{cxp(2||5fc^,_J|oo) : < fc < > 1. 
Now let s > 1. Put 

(2.3) C„i„(x) :=e-^«-e-"^^-^-.ll- < 1 
and 

(2.4) C„,ax(x) := e^O^ deg (t;) exp(2||5„^,||oo) 
where n := n^(a;). Then we define 



(2.5) /3,(,s) rilii^ . inf 



C^inix) . , 1 - exp ( - (s - l)i/._,7x " '^"j 



C^{x) re(o,4] I - exp{-2sQxr") 
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Since by 

(2.6) sQ, = .sQ,_,7^" + si?.-i7."" , 

(2.7) (sQ,_, + H,_,h-", - sQ, - (s - 1)H._,7.-" • 
This, together with and fO)) . gives us that 

< = -CM' — ^x — < -qM - 

3. Transfer Dual Operators 



In order to prove Theorem 13. II we fix a point xq & X and, as the first step, we 
reduce the base space X to the orbit 

O.o ={e"(xo),neZ}. 

The motivation for this is tliat tlien we can deal with a sequentially topological 
compact space on which the transfer (or related) operators act continuously. Our 
conformal measure then can be produced, for example, by the methods of the fixed 
point theory, similarly as in the deterministic case. 

Removing a set of measure zero, if necessary, we may assume that this orbit is 
chosen so that all the involved measurable functions are defined and finite on the 
points of Oxo- For every x € Oxq, let ipx G C(i/a;) be the continuous potential of 
the transfer operator Cx '■ C{Jx) — * C{J'e(x)) which has been defined in (|6.2p . 

Proposition 3.4. There exists {vx)xeo^o G V{Oxa) such that 

C*xVg(^x) = for every X Oxo, 

where 

(3.1) A, ■.= Cl{yg(x)){t) = l^6(x){Cxt). 

Proof. Let C*{Jx) be the dual space of C[Jx) equipped with the weak* topol- 
ogy. Consider the product space 

V{Oxo):= n C*^^-) 

xeo^g 

with the product topology. The origin has a local basis of the sets of the form 

n Bx 

xeo^„ 

where for finitely many x, Bx is a ball in C*(j7r) centered at origin and the rests of 
Bx are equal to C*{Jx)- Therefore, V{Oxa) is a locally convex topological space. 

Now, let M^{Jx) be the compact subset of C*{Jx) containing all probability 
measures. Then the set 

V{Ox„):= n ^'i^-) 

is also compact. A simple observation is that the map '^x ■ ■M^{J'g(^x)) ■M^{J^x) 
defined by 

^x^^eix) 



'ifxi'^eix)) 



14 



3. THE RPF-THEOREM 



is weakly continuous. Consider then the global map : V{Oxo) V{Oxo) given 

by 

Weak continuity of the "i/x implies continuity of 5" with respect to the coordinate 
convergence. Since the space V{Ox„) is a compact subset of a locally convex topo- 
logical space, we can apply the Schauder-Tychonoff fixed point theorem to get 
G ViO^a) fixed point of vp, i.e. 

^x'^eix) = K>^x where = = i^0(^x){^x{t)) 

for every x g O^q ■ □ 
Remark 3.5. Set 

For the iterated dual operator = 'C* o ... o ^Cgn-i^j,) we (;et /rom Proposition 

anrf (j3.ip implies that 

(3.2) inf e'^==('') < A, < ||£,l||oo. 

ye Jx 

A straightforward adaptation of the proof of Proposition 2.2 in leads to the 
following statement equivalent to Proposition 13.41 

Lemma 3.6. For every n > there exists a finite partition {A^} of Jx into 
measurable sets such that T^'Ia^ is a measurable isomorphism. In addition, for 
every measurable set A G J^x, 

z.e"(,)(r"(A)) < Vi.e"(.)(T"(AnAfe)) = A:? / e-^-'^di/,. 
V^xiA one-to-one, then 

ve.^xm{A))^Xl I e-'^-^dvx. 

J A 

Here is one more useful estimation. 

Lemma 3.7. For every x e Oxg o,nd n>l, 

A" 

_^inf exp (S'„(/3j;(z)) < < sup exp (S'„<^2;(^))- 

Moreover, for every z ^ Jx and every r > 0, 

(3.3) i^x{B{z,r))>D{x,r), 
where 

(3.4) i^(a;,r) (deg(Tf))"' inf cxpf inf SNiPx{a) - sup SNiPx{b)) 

zej^ \ aeB{z,r) beB(z.r) ' 

with N = nr{x) being the index given by Lemma \2.1[ It follows that the set Jx is 
a topological support of Vx ■ In particular, 

(3.5) Vx{B{z,0)>D^{x) 
where D^{x) is defined by (|2.ip . 
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Proof. Since 
we get that 

A" 

inf exp (S'„v3j;(z)) < - — ■ < sup cxp (5'„<^:c(z)). 

Now fix an arbitrary z e J7x and r > 0. Put rt = 71^(0;) (see Lemma l2.ip . Then, by 
Lemma [ 



:/^(B(z,r))A^ sup e-S^v.ia)^yn e-'^"f''dv.^>l. 

a(EB{z,r) J B{z,r) 

Thus, 

r)) > (AS)-^ exp ( inf 5„(^,(a)) 

> (dcg(r;))-^cxp( inf 5„(p,(a)- sup 5„(/.,(&)) 

\ aG-B(z,r) &eS(z,r) 



□ 



4. Invariant density 

Consider now the normahzed operator £ given by 

(4.1) t, = \-^C^, x&X. 

Proposition 3.8. For every x e Oxo, there exists a function S 'H°'{ Jx) 
such that 



Cxqx = qe(x) and I qxdvx = L 
•I J. 

In addition, qx{zi) < eyip{Qxg°'{zi, 22)}^ (-22) for all zi, z^ G Jx with g{zi, Z2) < 
and 

(4.2) l/C^ix) <qx< C^ix), 

where was defined in (|2.2p . 

Ill order to prove this statement we first need a good estimate for the iterates 
of the normalized operator applied to the constant function 1. 

Lemma 3.9. For all wi,W2 G J^x and n > 1 

^;_„i(^i) ^ /:g_l(u;i) 

where Cip is given by 112. 2\) . If in addition q{wi,W2) < ^, then 



(4-3) z-\] : = Z'\)^.. ; <g^(x). 



t{wi) 

(4.4) < e^^{QxQ^{w^,W2)}. 
Moreover, 

(4.5) 1/Cy(a;) < £"_„!(«;) < C^{x) for every w £ Jx andn> 1. 
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Proof. First, ()4.4p immediately follows from Lemma [2.31 Notice also that 
(4.6) exp{Q^g°'{'Wi,W2)) < expQ^ 

since diam(j72.) < 1. The global version of (|4.3p can be proved as follows. If 
n = 0, . . . ,j{x), then for every Wi,W2 € i/rc, 

exp(-\\Sn(Px-J\oo) 

Next, let n > j := j{x). Take w[ G T^^,{wi) such that 

eSMOcizlt{w\) = sup (e^^^(^)£r;!l(2/)) 
yeT-i.(«,i)^ 

and W2 G T^j>.{w2) such that e^;-^ (K^ "^2) < Then, by (jO)) and 

£L„iK) = ^L,(^ni)K) 

<deg(ri:^.)e^^'^(-i)/:niK) 

< deg(Ti:^.)e^^'^('"i)e«-.£niK) 
<C^(a;)/;L„l(^«2). 
This shows (j4.3p . By Proposition [ 



(4.7) / (l)di^, = / ldi^,_„ = 1, 

we can find w' £ Jx such that £"_^l(i(j) < 1 and £"_^l(u;') > 1. Therefore, by 
the already proved part of this lemma, we get, for every w E Jx and every n > 1, 
that 

1/C^(a;) < Cl_t{w) < C^{x). 

□ 



Proof of Proposition 13.81 Let x g Oxo- Then by Lemma [3T9l for every 
k > and all wi,W2 G Jx with g(wi, W2) < we have that 

1-^1,1(11.1) -£L^l(u;2)| < C^ix)2Qxg''iwuW2) 

and 1/C;p(a;) < £^^1 < C^(a;). It follows that the sequence 

_^ n— 1 



n-1 

i 



n 

k=0 



is equicontinuous for every x G Oxo- Therefore, there exists a sequence 00 
such that (7x,„j — s- g^; uniformly. For fc > we define Qx^^nj = ^xlx- For fc < 
0, we proceed inductively. Let Uj^k 00 be a sequence such that qx^^.nj^ ^ 
qx_k uniformly. Then the sequence nj^k — 1 has a subsequence nj^k+i, such that 
qx.i,-i.n,,k+i (lx-k-1 uniformly. Since 



£a;_fc_i ('i'x_fc_i ,n-l ) Qx_f,,n 

n — 2 -.n — 1 



i=0 i=0 
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n— 1 n — 1 



n ^ — ' n 

--la; 



we have that Cx_:,+-,qx-k+i = fe-t- Since £Ve(^) = z/^, we get Jj^ Qxdvx = 1- □ 

Consider now the potential if ^ ip + logqj; — logqg^^^ oT — logA^ and the 
associated transfer operator 

(4.8) Cx C^^x- 

Let 

^x • — Qx ^x • 

Lemma 3.10. For all ggi^^) G L^{iigi^^)) ~ L^(h'g^,^-j), we have 
(4-9) l^x{ge{x) ° Tx) = lJ-9{x){ge{x))- 

Proof. Then 

Cxgx = —^CxigxQx) for every gx € L^{Hx)- 

Q9{x} 

Consequently 

(4.10) Cxtx = teix)- 

From conformality of Vx (sec Proposition [3]4]) it follows that 

j.^-^-^^ ^*xil^0ix))i9x) ^ Jj^^^^^Cx{gx)dflg(x) ^ Jj^^^^{^x9xqx)dl^9{x) 

= K^^*x{'^9{x)){9xqx) = i^xigxqx) = iJ'xigx)- 

So, if fx ■ (geix) ° Tx) G i^/^^;), then 

l^x{{ge(x) °T^)fx) ^*x{lJ-9(x)){{ge(x) °Tx)f^) 
(4.12) ^ lJ'e(x)[£-x{{99{x)°Tx)fx)^ 

= lJ-e{x){99{x)^x{fx)), 

since 

^x{{ge(x) ° Tx)fx) = g9{x)^x{fx)- 

Substituting in (|4.12p 1^ for /j, and using (|4.10[) . wc get the proposition. □ 

Remark 3.11. In Chapter^we provide sufficient measurability conditions for 
these fiber measures Vx and fix to be integrable to produce global measures projecting 
on X to m. The measure fi defined by (|2.ip is then T -invariant. 

5. Levels of Positive Cones of Holder Functions 

For s > 1, set 

(5.1) = [g e C{Jx) : g > 0, i^xig) = 1 and g{w,) < e'Q^'°^^'^^-^g{w2) 

for all wi, W2 G J^x with g{wi, W2) < 
In fact all elements of A J belong to H°'{J). This is proved in the following lemma. 
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Lemma 3.12. If g >0 and for all wi,W2 G J^x with W2) < we have 

g{wi) < e'"^-B"i^i,^2)g(^^^^^ 

then 

vcig) < sQx(exp(sQ,r))ril5lloo- 

Proof. Let wi, W2 € J^x be such that g{wi, W2) < Without loss of generahty 
wc may assume that g{wi) > g{w2)- Then g{wi) > and therefore, because of our 
hypothesis, 5(^2) > 0. Hence, we get 

\g{wi) - g{w2)\ g{wi) I n oci ^^ 1 

15(^2)1 5(^2) 

Then 

\g{wi) - g{w2)\ < sQx{exp{sQxC))Q°'iwi,w2)\\g\\oo- 

□ 

Hence the set is a level set of the cone defined in (|2.ip , that is 
A^=C^n{.9:i.,(.9) = l}. 
In addition, in the following lemma we show that this set is bounded in 7i"(j7'). 

Lemma 3.13. For a.e. x X and every g G A^, we have ||g||oo < C'niax(a^); 
where Cmax is defined by (|2.4p . 



Proof. Let g e A* and let z e J^. Since 5 > we get 



gdi^x < / gdi^x = 1, 
and therefore there exists h G B{z,£^) such that 

9ib) < -T^FTl^ < ^ 



where the latter inequality is due to Lemma 13.71 Hence 



A kind of converse to Lemma 13.121 is given by the following. 
Lemma 3.14. If g e n°'{Jx) and g>0, then 

9 + Vaig)/Qx 



□ 



i^xig) + Va{g)/Qx 

Proof. Consider the function h = g + Va{g)/Qx- In order to get the inequality 
from the definition of AJ, we take zi, Z2 G J^x- If h{zi) < h{z2) then this inequaliy 
is trivial. Otherwise h{zi) > h{z2), and therefore 

Kzi) 1 _ \h{zi) - h{z2)\ ^ t;a(g)g"(zi,Z2) ^ . 
IT — T ^ ^ ^ iTT — ^l TTTTt ~ '^^^ {zi,Z2)- 

n{Z2) l"(^2)| Va[g)/Qx 

□ 

An important property of the sets A^ is their invariance with respect to the 
normalized operator £3, = X^^Lx- 
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Lemma 3.15. Let 5 e A^.. Then, for every n > 1, 
^x9{wi) < cxp(sQ^^g"(if;i,w2)), wi,W2 e Je'^tx) with g{wi,W2)<^. 

Consequently £"(AJ) C Ag„|.^^ for a.e. x Cz X and all n > 1. 

Notice that the constant function 1 g AJ for every s > 1. For this particular 
function our distortion estimation was aheady proved in Lemma [ 



Proof of Lemma [3.151 Let g g AJ, let gg^{x)iwi,W2) < and let zi G 
T~"-{wi). For y = (x,zi), we put Z2 = T'^"(u'2). With this notation, we obtain 
from Lemma 12.21 and from the definition of Af. that 



o\ ^x9{wi) exp {Snip^{zi))g{zi) 

( 0.^ 1 ~^ sup J ~ ^ ~ ~T~ 

j^x9iw2) zreT-"{wr) {Sn^x{z2)9{z2)) 



< exp [g'^iwi,W2)[J2 HeHx)ilor^i^r'' + ■sQxh^)-'' 



Since 



n-l 

(5.3) Q.(7:)-" + E = Qe^ix), 

the lemma follows. □ 

Here is one more estimation. 

Lemma 3.16. For every i > j{x) and g G A*_., 

where Cmin is given by (|2.3p . 

Proof. First, let i ~ j{x). Since 

9dvx^, = 1, 

there exists a G J^x^i such that g(a) > 1. By definition of j(x'), for any point 
w G J^x, there exists z G T^^'. (x) n B{a,£^). Therefore 

£L,g(«;) > e^'^-^(^'.9(z) > e^-^-^(^'e-^«-g(a) > C„,i„(x). 

The case i > j{x) follows from the previous one, since CItJ}^'' gx^i & ^x_j^^-^ ■ D 

6. Exponential Convergence of Transfer Operators 

Lemma 3.17. Let (3^ = /3^(s) (of (^3]) ). Then for x e X, i > j{x) and 
9x-i S A* there exists h^ G A^ such that 

iCg)x = ^x^,9x^, = Pxqx + (1 - Px)hx ■ 
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Proof. By Lenima [3.16| we have 

Then by (|4.2p for all w^z eY^ with Qx{z, w) < ^, 
Pxi^exp {sQa:g°iz,w))qx{z) ~ qx{w)j < 

< (3x(^cxp [sQ:cqZ{z,w)) - cxp ( - sQxQ'^{z,w))^qx{z) 

< I3,j:(^exp [sQ^q'^{z,w)) - exp ( - sQxq'^{z,w))^C^{x) 

< PxC^{x){l - exp{-2sQxg^{z,w)))cxp {sQxq'^{z,w)) 

< (^exp(sQ^g^{z,w)) - exp ({sQ^ ~ H^_-^-f-"Jg^{z,w))^Cl._^g:,_^iz) 

< (^cxp {sQ^g'^{z,w)) -exp{{sQ^_-, + H^_^)-f-^^g'^{z,w))^Cl_^ga:_,iz). 
Smce by ([Q]) . for /i e AJ_^, 

^x-iHz) < exp{{sQ^_, + H^_^)-f^'^^g%{z,w))C^_^h{w), 

< exp((,sQ,_, +if,_j7-_"^^.S(z,i.))£L^g,_^H. 

Then we have that 

Px(^cxp {sQxg"{z,w))qx{z) - qx{w)j 

< cxp {sQxgZ{z-,w)) C^_^gx_.{z) - C:^_^g^_^{w) 

and then 

^x^,9x-i{w) - Pxqx{w) < exp {sQa:g'^{z,w)) {£l._^g^_^{z) - Pxqx{z)). 
Moreover, P^qx < Cnun{x) < C\_.gx_i- Hence the function 

^'x_,gx^,- Pxqx 

□ 

We are now ready to establish the first result about exponential convergence. 

Proposition 3.18. Let s > 1 and let g : J R. There exist B < 1 and a 
measurable function A : X (0,oo) such that for a.e. x ^ X and for every N >1, 

|i(£^.g), - q^U = ll^^_„5.-« - felloe < 

Proof. Fix x ^ X. Put .g„ := g^^, /?„ := P^^, := A^^^ and (£"5)/, := 
{C^g)x^- Let be a sequence of integers such that i{n + 1) > j(a:_5(„)), 

where S{n) = ^ 1j E^nd where S'(O) = 0. If g^s(n) & ^-s{n)^ ^^cn 

Lemma l3. 1 71 yields the existence of a function /i„_i G ^''Ls(n-i) such that 



(-C'^^^g) ^ = P-S(n-l)q-S{n-l) + (1 - /^-S(n-l))/in-l 

V / — 5(n— 1) 

= (1 - (1 - /3-S(»i-l)))9-S(n-l) + (1 - P-S{n-l))hr. 



6. EXPONENTIAL CONVERGENCE OF TRANSFER OPERATORS 



21 



Since 



-S(n-2) 

-S(ri-2) 



(r("-i)(/3_s(„_i)g_s(„_i) + (l-/3_5(„-i))/^„-i)) 
/3_s(„-i)g-s(„-2) + (1 - P-s(n-i)) (C^''-'\K-,)) 

\ / —Sin 



S{n~2) 



S(n-2) 

it follows again from Lemma [3 . 1 71 that there is /i„-2 G A^^^^ ^) such that 



£i(n)+i(n-l)^~j 



-S(n-2) 
= /3-S(n-l)9-S(n-2) + 

+ (1 - P-S{n-l))(^/3-S(n-2)qS{n-2) + (1 ^ P-S{n~2))hn-2^ 

= (l - (1 - /3-S(n-2))(l - /3-S(n-l)))'7S(n-2) + 

+ (1 - /3-S(?i-2))(l — P-S{n-l))hn-l- 

It follows now by induction that there exists ft. e such that 

(£^("'5) - = (1 - ni"')<z, + n(")/i 

where we set 

n-l 

4") = n(i-/3.-.(.))- 

fc=0 

Since h G AJ, we have \h\ < Cmax{x). Therefore, 

(6.1) - (1 - n("))<z.| < C„,ax(x)nW, 

if .9-S(n) e ^Is^ny 

By measurability of /? and j one can find M > and J > 1 such that the set 

(6.2) G:^{x: (3^> M and j{x) < J} 

has a positive measure larger than or equal to 3/4. Now, we will show that for a.e. 
X e X there exists a sequence (nfc)^o of non- negative integers such that no = 0, 
for fc > 0, we have that x-jn,. S G, and 

(6.3) #{n : < n< nfc and x_,/„ € G} = fc - 1. 

Indeed, applying Birkhoff's Ergodic Theorem to the mapping we have that for 
almost every x G X, 

y #{0<m<n-l:g-^"^(.T)€G} 

hm = f(lG|2:j)(x), 

where £(1g|Xj) is the conditional expectation of with the respect to the a- 
algebra Ij of 6'~"'-invariant sets. Note that if a measurable set A is S'^^-invariant, 
then set U^JIq^^-'X^) is 0~^-invariant. If m(y4.) > 0, then from ergodicity of 9^^ 
we get that m(U^irQ^6'-'(yl)) = 1, and then by invariantness of the measure m, we 
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conclude that ■m{A) > 1/J. Hence we get that for almost every x the sequence Uk 
is infinite and 



(6.4) 



k 3 
lim — > — . 



Fix N > and take Z > so that Jni < N < Jn;+i. Define a finite sequence 
(S'(fc))^,^^ by S{k) := Juk for k < I and S{1) := N, and observe that by (|6.4p . we 
have ^ < Jn,+i < AJ'^l. Then g^]) and (HTH) give 



x_jv5a;_jv 9x1 |cx) ^ 

< (l-M)'(C^(x)+a„ax(x)) 



ni"i|g: 



a; 1 1 '/a; I loo 



< 



This establishes our proposition with B = " VT^-lV? and 

Aix) max{2Cn,ax(a;)B-^'=^ + a„ax(x))}, 

where fc* is a measurable function such that for all fc > fc*, we have 

k ^ 1 
Uk ~ 2J 



□ 



From now onwards throughout this section rather than the operator £, we 
consider the operator C defined in (|4.8p . 



Lemma 3.19. Let s > 1 and let g : ^ be any function such that € 
'H°'{J^x)- Then, with the notation of Proposition [3.181 we have 



<c^(r(x))( / \g.,\d^,x + A^^^^^^)A{0-{x))B^^ 



Proof. Fix s > 1. First suppose that g^ > 0. Consider the function 

l^xigx) + Va{gx)/Qx- 



gj,±vJ^9x)IQ^ where A, 



It follows from Lemma [3. 141 that h^ belongs to the set A| and from Proposition l3.18l 
we have 



(6.5) 



'-'xyx 



gx dvAqe-ni^x) 



< 



< 



< A, 



Qx 

AxC^hx — Axqe"{x) 

Va{gx) 



gx dvx)qe^{x) 



- £"11 

^x -"-a; 



A(r(a;))B" 
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Then applying this inequahty for gxQx and using ()4.2p we get 



< 



gx dfixj'^e^(x) 
1 



< 



^xiaxQx) 



gxQxdiyxjqe^ix) 



< a 



f gxd^l 



Vajgxqx) 
Qx 



So, we have the desired estimate for non- negative gx- In the general case we can 
use the standard trick and write gx ^ gx — gx ^ where gx t gx — 0- Then the lemma 
follows. □ 



The estimate obtained in Lemma 13.191 is a bit inconvenient for it depends on 
the values of a measurable function, namely C^pA, along the positive 0-orbit of 
X € X. In particular, it is not clear at all from this statement that the item ([l} in 
Theorem l3.2l holds. In order to remedy this flaw, we prove the following proposition. 

Proposition 3.20. For m-a.e. x ^ X and every gx G C{ Jx), we have 



x9x~ (yj gxdfix'jtg^i^x) 



0. 



Proof. First of all, we may assume without loss of generality that the function 
gx G 'H°'{Jx) since every continuous function is a limit of a uniformly convergent 
sequence of Holder functions. Now, let ^ > be sufRciently big such that the set 



(6.6) 



XA^{xe X; A{x) < A} 



has positive measure. Notice that, by ergodicity of m, some iterate of a.e. x Cz X is 
in the set X^. Then by Poincare recurrence theorem and ergodicity of m, for a.e. 
X G X, there exists a sequence rij oo such that 6^^ {x) G Xj,. j > 1. Therefore 
we get, for such an a; G Xy{, from Lemma 13.191 that 



(6.7) C'^^gx-i gxdfixjte-Hx) 



\gx\dfix 



^VaigxQx 

Qx 



< AB""^ 



for every j > 1. Finally, to pass from the subsequence (uj) to the sequence of all 
natural numbers we employ the monotonicity argument that already appeared in 
Walters paper [19j . Since Cx^x = ^e{x)-, we have for every w G J^e{x) that 



inf gx{z) < gx{z)e''''^''^ < sup gx{z)- 

zGT, '(to) 

Consequently the sequence 

(M„,,)-„ = ( sup C:gxH)n=o 

is weakly decreasing. Similarly we have a weakly increasing sequence 

The proposition follows since, by (|6.7p . both sequences converge on the subsequence 
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7. Exponential Decay of Correlations 

The last remaining unprovcn part of Thcorcm l3.2l is the item ([3]). Wc will prove 
it in the following proposition. For a fimction fx G L^{fj.x) we denote its L^-norm 
with respect to by 

J \fx\dfJ,x- 

Proposition 3.21. There exists a 9-invariant set X' C X of full m-measure 
such that, for every x e X' , every fgn(x) & L^ifJ-e^ix)) every Qx G 'H°'{Jx), 



ll^xiifeH-) oT:)gx) - fXg^ix){feH-))l^x{gx)\ < A,{gx,9"{x))B"\\fg.^x)\\ 



1 



where 



Qx 

Proof. Set hx = gx — J Qxd^ix and note that by (|4.12p and (|4.10p we have 

that 

IJ'xiife^ix) ° T.^')9x) - lJ-e"{x)if0"ix))lJ'xi9x) = 
(7.1) = t^e^{x}i.fe'^{x)^xi9x)) - t^e^{x){fe^{x))l^x{gx) 

= tJ'e"{x){fe"{x)^xihx)) ■ 

Since Lemma [3.191 yields 

\\C:hx\\o.<A4gx,9-ix))B-, 

it follows from (|7.ip that 

< / \fe^{x)^x{^x)\dne'^(x) 



□ 



Using similar arguments like in Proposition 13.201 we obtain the following. 

Corollary 3.22. Let fgn^x) G L^{fig^(^x)) and gx G L^{Jx), where x <E X' and 
X' is the set given by Lemma \3.2l[ If ||/en(a:)||i 7^ for all n, then 



\tJ'x{{fe^{x) ° T^)gx) - lJ-e^^{x){fe^{x))tJ'x{gx)\ 



as n ^ 00. 



Remark 3.23. Note that if \\fe"{x)\\i grows subexponentially, then 
(7.2) \l^x{{fer^{x)'^Tx)gx) - t'.B"{x){fe^(x))l^x{gx)\ — >0 as n ^ 00. 

This is for example the case if x ^ log||/x||i is m-integrable since Birkhoff's Er- 
godic Theorem implies theat {l/n)\og\\fgn(^x)\\i ^ for a.e. x G X. 
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8. Uniqueness 

Lemma 3.24. The family of measures x ^ Vx is uniquely determined by con- 
dition (jl.ip . 

Proof. Let {vx}xex be a family of measures that satisfies Then 
K Kvx{'^x) = Clve(x){^x) = ve(x){i^x'^)- 

Let 

^x9x{w) = ^ g^(z)exp(5'„(^(2;)) = (A^ge"(a:)H)"n^"52;fe)(w')- 

Then, by Proposition [2201 for a.e. x € X and for all sequences Wn, G 3'e^(x)^ we 
have 

Hence the measures Vx are determined uniquely. □ 

Lemma 3.25. There exists a unique function q G C^{J^) that satisfies (|1.2p for 
a.e. X G X. 

Proof. The uniqueness follows from Proposition 13. 181 since it shows that 

£" 1 

(8-2) £L„i = ^^r^ ><l^- 

□ 

Note that (|8.ip can be reformulated. Define a sequence of measures in J.^ by 



where 5y is the Dirac measure. Then 



X,7l ^ 

n—^oo 



(8.3) ly, 
in the week* topology. 

9. Pressure function 

The pressure function is defined by the formula 

X 1-^ Pxi^p) ■= ^ogXx. 

If it does not lead to misunderstanding, we will also denote the pressure function 
by Px- It is important to note that this function is generally non-constant, even 
for a.e. x X. Actually, if the pressure function is a.e. constant, then the random 
map shares many properties with a deterministic system. This will be explained in 
detail in Chapter [71 

Note that it follows from (|8T|) and ((3T|) that 



(9.1) Xx = vg(^x)i^x^) = lim 
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Then we can obtain an alternative definition of Px{ip), namely 
(9.2) P,(^) = log(^,(,)(£.l)) ^ lim log - 

n^oo £^^^^l(w„+i) 

where, for every n £N, w„ is an arbitrary point from J^e"{x)- 
Lemma 3.26. For m-a.e. x e X 

lim -SnPx^^ - -log/:^ „lx_„(u;„) = 
n^oo n n 

and every sequence Wn G J^x, 

Proof. By (|4.2p and Proposition 13.181 we have that, for every w E and 
every n €z N, 

1 £S Ix „(w) 

-— ^ - A(x)B" < < C^{x) + A{x)B-. 

Then 

log(^^-A(x)) <\ogC'i_tx^^{w)-\og\l_^<\og(c^{x)+A{x)). 



□ 



Lemma 3.27. Then, for m-a.e. x € X, 



S-hm {-SnPx - - \0gCltx{yn)] = 

for every sequence yn € Jx^ ■ 

Proof. Using Egorov's Theorem and Lemma [3.261 we have that then for each 
(5 > there exists a set such that m{X \ X^) < 5, 

-SnPx^„ - - min log/:;' Jx^Sv) ' 

n n yeJx„ n^oo 

and 

-SnPx^r. - - max log£; l._„(y) ^ 

uniformly on Fs. Then the lemma follows from Birkhoff's Ergodic Theorem. □ 
Lemma 3.28. If there exist g G L^{m) such that log ||£2;l||oo < g{x), then 

= 0. 



lim 

n — ^oo 



-5„P,--log£;i, 
n n 



Proof. Let F := Fs be the set from the proof of Lemma [3.271 let x e X'^p 
and let (uj) be the visiting sequence. Let j be such that Uj < n < Then, for 

y G Je"-{x), 

(9.3) logC:i{y) < log||£;n|l +5„_„^5(^"^ (a^))• 

Now, let h{x) ||',5i;||oo. Since by (fX2|) -logA^; < Hva-lloo, 

- log a; = - log A;^ - log A;;"^ < Px + Sn-n, h{e"^ (x)). 

Then by 



-5„P,--log£;i,(y,J< -5„^P,--log£;^l,(y,„.)+-5„_„^.(.g+/i)(r^(x)). 
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On the other hand, for y G J^e"{x)j 
and by ([3:21) . 

log AS = logAS^>^ -logAS^^^-" < \og\\C:^+n\\+Sn,^,.nh{e-{x)). 
Then the lemma follows by Birkhoff's Ergodic Theorem. □ 

10. Gibbs property 

Lemma 3.29. Let w G J^x, set y = (x, w) and let n > 0. Then 

Proof. Fix an arbitrary z E J'x and set y ~ {x,z). Then by Lemma [2.31 and 
Lemma [ 



exp(5„(^(y)-5„P,(<^)) - (AS)-ie^"^(2') 
On the other hand 

^.(r-"(i?(r"(?/),0)) ^ (Ag)-^z.,„(.)(i3(T"(y),g))inf,,g^-.(^(^„(^)^^„e^"^(-') 
expiSnifiy) ~ SnPxiip)) - i\^)-^eS^v>{y) 

>i/e'^(,)(i?(r"(y),e))e-'?^"<-'. 
The lemma follows by p.5p . □ 



Lemma 3.30. Let T : J ^ J satisfy the condition of measurability of cardi- 
nality of covers and let {vi^x}, where i — 1,2, be two Gibbs families with pseudo- 
pressure functions x i— » Pi^^- Then, for a.e. x, the measures vi^x and V2^x c^fe 
equivalent and 

lim —Sn^Pi.x = lim —SnkP2.x hm —Sn^Px 

k — >oo 77,/j; A; — ^oo 72}^ k — »oo 77,^ 

where (rik) ~ {nk{x)) is the visiting sequence of an essential set. 

Proof. Let A be compact subset of J^x and let S > 0. By regularity of 1^2,2: 
we can find e > such that 

(10.1) iy2,xiBx{A,e))<,y2,xiA) + S. 

Now, let Nx be a measurable function such that < e/2. Set 

Al, := {y e T--(jjiJ : AnT--{B{yi^,0) + 0}. 

Let Z he a, L, N, D, ZJ-essential set of a^, N^, Di, D2 and let (n^) = {ni^{x)) be 
the visiting sequence of Z . Fix A: G N and put n ~ nk{x). Then we have 

U U T--B{yi^,e}^Bx{A,e). 
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By dOl) it follows that 
(10.2) 

<Di{x)DY, E CXpiSnifiy) ~ SnPlA^)) 

Then by (fTOTI) and again by (fO]) 
(10.3) 

«^l,a:(^) < Di{x)Dexp{SnP2,x " 5'„Pi,2;)^ ^ exp(S'„(^(j/) - 5'„P2,a; (<<5)) 

<7^i(a;)^2(a;)^'exp(5„P2,. -5„Pi,,)^ ^ ^^2,.(77"S(yL'0) 

< Di{x)D2{x)D^Lcxp{SnP2,. - SnPiA^2AB{A,e)) 

< D,{x)D2{x)D^LeMSnP2,. - ^„A,x)(^^2,.(A) + 5), 
since for y ^ y' such that y, y' G T~"{yl^), we have that 

T-"P(yJ„,e)nT^7"P(y^„,e) = 0. 

Hence the difference SnkP2.,x — Sn^Pi,x is bounded from below by some constant, 
since otherwise taking A = J^x we would obtain that vi^x{J^x) = on a subsequence 
of (rifc) in (|10.3p . Similarly, exchanging with 1^2, x we obtain that Sn^Pi,x — 
SnkP2.x is bounded from above. Then, letting 6 go to zero, we have that vi_x and 
1/2, X are equivalent. 
Note that 

exp{~SnPiA^:tx{yn) = e^"'^^(^)^^"^^- 

yGT-"(y„) 

< D,{x)D ^ ^^i,.(r-"P(2/„,0) < D,{x)Du,^xiX) = D,{x)D. 

Then 

-log/:,l,(y„) - ilog(i?i(a;)D) < -5„Pi,,. 
??. n n 

On the other hand, by (|10.2p . on the same subsequence 



1 ^ i^liJx) < Di{x)DL e 



yeTx~"(a„) 



for some j/„ S {j/x,,' ■ ■ ■ Therefore, using Lemma 13.271 and the Sandwich 

Theorem, we have that, for x E X'^ n X'p, 



lim —SnkPi.x = lim —Sn^Px- 



□ 
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Remark 3.31. Note that we cannot expect that Pi,x = Px{^) m-almost surely. 
In order to see that, take any measurable function x ^ gx- Then, for 

Pi.x ■■= Pxiv) + Qx - ge{x), 

by Lemma 13.291 

i/^(r-"(B(T"(w),£))) 



CHAPTER 4 



Measurability, Pressure and Gibbs Condition 

In this chapter we study measurabiUty of the objects produced in the previous 
chapter. We do not know, for example, whether the family of measures represents 
the disintegration of a global Gibbs state v with marginal m on the fibered space 
JT". Therefore, we define abstract measurable expanding random maps for which 
the above measurabilities of A^;, Vx and are deduced from assumptions. 
Then, we can construct a Borel probability invariant ergodic measure on J for the 
skew-product transformation T with Gibbs property and study the corresponding 
expected pressure. 

Our settings are related to those of smooth expanding random mappings of 
one fixed Riemannian manifold from and those of random subshifts of finite 
type whose fibers are subsets of are subsets of from [l] . One possible extension 
of these works is to consider expanding random transformations on subsets of a 
fixed Polish space. A general framework for this was, in fact, prepared by Crauel 
in [6] although he did not study expanding maps. In Section [5] we show how 
Crauel's random compact subsets of Polish spaces fit into our general framework 
and, therefore, our settings comprise all these options and go beyond. 

The issue of measurability of A^,, qx, Vx and ^.x does not seem to have been 
treated with care in the literature. As a matter of fact, it was not quite clear to us 
even for symbol dynamics or random expanding systems of smooth manifolds until, 
very recently, when Kifer's paper [12j has appeared to take care of these issues. 



Let B := Bj he a cr-algebra on J such that 

(1) TTx and T are measurable, 

(2) for every A€ B, Trx{A) e 

(3) B\j^ is the Borcl cr-algebra on Sx. 

By {J') we denote the set of all B ^--measurable functions and by C°j (J") the set 
of all ;Bj--measurable functions g such that gx S C(j7x). 

Lemma 4.1. If g e C"^{J), then X ^— > ||3a;||oo measurable. 

Proof. The proof is a consequence of Indeed, let (G„) be an increasing 
approximation of \g\ by step functions. So let 



1. Measurable Expanding Random Maps 



Let T : he a, general expanding random map. Define 

T^x ■ J 3 {x,y) ^ X e X. 



m 




k=l 
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where (afe) is an increasing sequence of non- negative real numbers, and Ak are 
Sj--measurable. Then, define 

Xm ■■= TTxiAm) and Xk ■.= TTxiAk)\ WJlk+lT^xiAj) 

where = 1, . . . , to — 1. Let 

m 

Hn{x) :=^afelxfc(a;) = sup Gn{x,y). 

k=o y^^- 

Then the sequence is increasing and pointwise converges to the function x i— > 

ll.92;||oo- □ 

Then, L^^i^J') is, by definition, the set of all g e L^-^{J), such that 

^ \\9x\\aodm{x) < oo. 
We also define 

cln(J) ■■=aJ)nLliJ) 

and 

By M^iJ) we denote the set of probability measures and by Ml^lJ) its subset 
consisting of measures ly' such that there exists a system of fiber measures {i^^lajex 
with the property that for every g G L}^{S), the map 



9x dv'^ 



is measurable and 



gdv' = / / gxdv'^dra{x) 



Then 

(1.1) m ^ v' O TT^ 

and the family {i''^)xex is the canonical system of conditional measures of v' with 
respect to the measurable partition {J^x}xex of J^. It is also instructive to notice 
that in the case when J' is a Lebesguc space then (|l.ip implies that i/' G M]^{J). 

The measure ^' E A4^{J') is called T-invariant if fi' o T^^ = A*'- If /i' G 
Mlai'^)^ then, in terms of the fiber measures, clearly T-invariancc cquivalcntly 
means that the family {fi'^}xi£x is T-invariant; see Section [T] for the definition of 
T-invariance of a family of measures. 

Fix (p £ 7i,^„ {J') . Then the general expanding random map T : J ^ J \s, called 
a measurable expanding random map if the following conditions are satisfied. 

Measurability of the Transfer Operator. The transfer operator is measurable i.e. 
for every g G C^iJ) , Cg G C^iJ) . 

Integrability of the Logarithm of the Transfer Operator. The function X 3 x 
log||£a;lx||oo belongs to L^{m). 

We shall now provide a simple, easy to verify, sufficient condition for integra- 
bility of the logarithm of the transfer operator. 

Lemma 4.2. // log(deg(Tr)) G L^ijn), then x ^ log ||£:rl2:||oo belongs to 
L\m). 
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Proof. Recall that 

e-llv.llo= < e-^xU-) < dcg(T^)ell^-ll^ 



Hence 



Ta:{z)=W 



Moo < log \\Cxt4oo < log(cleg(T,)) + \\ip. 



□ 



2. Measurability 

Now, we assume that T : is a measurable expanding random map. 

In particular, the operator C is measurable. Armed with these assumptions, we 
come back to the families of Gibbs states {vx}xex and {fJ-x}xex whose pointwise 
construction was given in Theorem l3.1l Since we have already established good con- 
vergence properties, especially the exponential decay of correlations, it will follow 
rather easily that these families form in fact conditional measures of some measures 
v and /X from M\n{J). As an immediate consequence of item ([3]) of Theorem 13. 1[ 
we get that the probability measure /i is invariant under the action of the map 
T : J ^ J . All of this is shown in the following lemmas. 

Lemma 4.3. For every g e Ll^{J'), the maps x i-^ Vxidx) is measurable. 

Proof. It follows from (18.11) that 



lim nr^^n = VxiSx)- 

Then measurability of x i— > I'xiQx) is a direct consequence of measurability of the 
transfer operator. □ 

This lemma enables us to introduce the probability measure v on J' given by 
the formula 

i^ig) = / / gxdvxdm{x). 
Jx Jj^ 

This measure, therefore, belongs to M.]-n{J). 

Lemma 4.4. The map X 3 x ^—t Xx ^ is measurable and the Junction q : J 3 
{x,y)i-^ Qxiy) belongs to L^^iJ)- 



Proof. Since v e A^m(J'), measurability of A's follows from the formula (|3.1[) 
and measurability of the transfer operator. Then measurability of A's again together 
with measurability of the transfer operator and (|8.2p imply measurability of q. □ 



From this lemma and Lemma 14.31 it follows that we can define a measure fi by 
the formula 

(2.1) /i(g) = / / qxgxdvxdm.{x). 

Jx Jj^ 
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3. The expected pressure 

The pressure function of a measurable expanding random map has the fohowing 
important property. 

Lemma 4.5. The pressure function X 3 x Px{f) is integrable. 

Proof. It follows from the definition of the transfer operator, that 

(3.1) ll'^xlloo !i ^'^S^9{x){^x'^) 1^ log II -^a;! II oo • 

Then, by p.ip and integrability of the logarithm the transfer operator, the function 



Pxi^) is bounded above and below by integrable functions, hence integrable. □ 
Therefore, the expected pressure of ip given by 



JX 

is well-defined. 

The equality (|8.ip yields alternative formulas for the expected pressure. In 
order to establish them, observe that by Birkhoff's Ergodic Theorem 

(3.2) SPif)= lim -log fora.e. x e X. 

In addition, by (|3.1[) . 

A^ = AX(i) = ^e"(.) (/:"(!)). 

Thus, it follows that 

- log K = lim - log rk — S 

However, by Lemma 13.281 we can get even more interesting formula. 
Lemma 4.6. For every ip € 'H'^{JT) and for almost every x S X 

£P{ip) = lim -log/:Sl(w„) 

n — 'OO fi 

where the points Wn G Je^i^x) or^ arbitrarily chosen. 

4. Ergodicity of /i 

Proposition 4.7. The measure fi is ergodic. 

Proof. Let S be a measurable set such that T~^{B) — B and, for x G X, 
denote by Bj; the set {y G J^x '■ {x,y) € B}. Then we have that T~^{Bg(^x)) = Bx- 
Now let 

Xo:^{xeX: ^.(B,) > 0}. 

This is clearly a 0-invariant subset of X. We will show that, if m(Xo) > 0, then 
fJ-xiBx) = 1 for a.e. x G Xq. Since 9 is ergodic with respect to m, this implies 
ergodicity of T with respect to fi. 

Define a function / by f^ ■= Is,- Clearly f^ £ L ^(^^) and fer^(x) ° TJ^ = fx 
TO-a.e. Let x € X' C\ Xq, where X' is given by Lemma [3.211 Let be a function 
from L^{Jx) with J gxd^x = 0. Then using (|7.2p we obtain that 

t^x{{f er^ix) ° T^)gx) ^ as n ^ oo. 
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Consequently 

(4.1) / g^dfi^^O. 

Since this holds for every mean zero function £ L^{ Jx) , we have that ^x{Bx) ~ 1 
for every x G X' H Xq. This finishes the proof of crgodicity of T with respect to 
the measure /i. □ 

A direct consequence of Lemma 13.301 and ergodicity of T is the following. 

Proposition 4.8. The measure fi e ■Mmi'^) ^ unique T -invariant measure 
satisfying fl.3)] . 

5. Random Compact Subsets of Polish Spaces 

Suppose that {X, m) is a complete measure space. Suppose also that {Y, g) is 
a Polish space which is normalized so that diam(F) = 1. Let By be the cr-algebra of 
Borel subsets of Y and let /Cy be the space of all compact subsets of Y topologized 
by the Hausdorff metric. Assume that a measurable mapping X x i-^ & K^y 
is given. 

Following Crauel [6l Capter 2], we say that a map X 3 x i-^ Y^ C Y is 
measurable if, and only if, for every y €z Y, the map x i— > d{y,Yx) is measurable, 
where 

d{y,Yx) iiii{d{y,yx) : yx € Yx}- 
This map is also called a random set. If every Y^ is closed (res. compact), it is 
called a closed (res. compact) random set. With this terminology X 3 x i—t J'x dY 
is a compact random set (see [6l Remark 2.16, p. 16]). 

Closed random sets have the following important properties (cf. [6] Proposition 
2.4 and Theorem 2.6]). 

Theorem 4.9. Suppose that X 3 x i—t Yx is a closed random set such that 
Yx^%. 

(a) For all open set V <ZY , the set {x £ X : Y.j. C]V ^ ^} is measurable. 

(b) The set 

J := graph(x ^ Yx) := {{x, yx) : x e X and yx G Yx} 

is a measurable subset of X x Y i.e. J is a subset of T ®By, the product 
a -algebra of J- and By. 

(c) For every n, there exists a measurable function X 3 x yx,n G Yx such 
that 

Yx = c\{yx^n : n e N}. 
In particular, there exists a measurable map X 3 x yx GYx. 

Note that item (b) implies that J \s a. measurable subset of A" x Y . Let 
Bj -.^ T ® By\j. Then by Theorem 2.12 from we get that for aU A e Bj, 
TTx{A) e T. 

Now, \ct X 3 X Yx he & compact random set and let r > be a real number. 
Then every set Yx can be covered by some finite number (r) G N of open 

balls with radii equal to r. Moreover, by Lebesgue's Covering Lemma, there exits 
Tlx = Rx{r) > such that every ball B{yx,Rx) with yx G Yx is contained in a 
ball from this cover. As we prove below, we can actually choose ax and Rx in a 
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measurable way. Hence, since x ^—^ J^x '^s a compact random set, the hypothesis 
measurabihty of cardinahty of covers (see Section [1] just before Theorem I3.3P does 
not need to be assumed but can be proved. 

In the proof of Lemma [4.111 we will use the following Proposition 2.1 from [6l 
p. 15]. 

Proposition 4.10. For compact random set x t—^ and for every e, there 
exists a (non-random) compact set Yg d Y such that 

m{{x e X :Yx(l K}) > 1 - £. 

Lemma 4.11. There exists a measurable set X'^ C X of full measure m such 
that, for every r > and every positive integer k, there exists a measurable function 
X'^ 3 x ^ yx.k ^ Yx and there exist measurable functions X'^ 3 x ts- Ox (z N and 
X'^ 3 X i-^ Rx G IR.-)_ such that for every x € X'^^, 

U Bx{yx,k,r) Z) Yx, 

k=l 

and for every yx & Yx, there exists k — 1, . . . , a^; for which 

Bxiyx,Rx) C Bx{yx,k,r). 

Proof. For ti G N let Yi^,^ C y be a compact set given by Proposition 14.101 
Then the set Xn :~ {x E X : Yx C ^1/11} is measurable and has the measure m(X„) 
greater or equal to 1 — 1/n. Define 

K ■■= U ^- 

Then m{X'^) = 1. 

Let {j/„ : n G N+} be a dense subset of Y. Since Yi/„ is compact, there exists 
a positive integer a{n) such that 

a(n) 

(5.1) [j B{yk,r/2)DY,^„. 

k=l 

Define a function X' 9 3C I ^ Qjx ; by ax — a(n) where 

n minjfc : x G Xk}- 

The measurabihty of Xn gives us the required measurabihty of X ^ ^ (Xx ■ 

Let {yk : fc G N} be a countable dense set of Y and m G N. For every fc G N 
define a function x 1— > Gx.k by 

^ ^(B{yk,r/2) if n S(yfc, r/2) ^ 
''''' \ Yx otherwise. 

Since, by Theorem 14.91 fa), the set 

{xeX ■.YxnB{yk,r/2)^9} 

is measurable, it follows that X B x 1-^ Gx,k is a closed random set. Hence, by 
Theorem 14.91 (c), there exists a measurable selection X 3 x ^ yx.k G Gx,k- Note 
that, liyx.k G B{yk,r/2), then B{yk,r/2) C B{yx.k,r). Therefore, by 

[j Biyx,k,r)DY,/„DYx 

k=l 
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for all X e Xn- 

Finally, for x £ Xn, let i?^; > be a real number such that, for y E li/„, there 
exists fc = 1, . . . , U{n) for which 

B{y,R,)ciB{yk,r/2)(lB{y,,k,r). 

Then X[j 3 x i-^ E is also measurable. □ 



CHAPTER 5 



Uniformly Expanding Random Map 

In this chapter, somewhat against our general philosophy, but with agreement 
with the existing tradition (see for example [1], and [7]), we introduce the 
class of maps for which the functions x ^ x ^ deg{Tx) and x ^-^ n^{x) are 
uniformly bounded. We introduce these assumptions in order to be in position 
to apply probability laws such as the Law of Iterated Logarithm or the Central 
Limit Theorem. These are needed for our study of geometric/fractal properties of 
conformal random expanding systems (see Chapter [71 Chapter |8] and Chapter [9]). 

1. Uniformly Expanding Random Map 

Let T : J7 ^ be a measurable expanding random map. The map T : J ^ J 
is called a uniformly expanding random map provided that 

(1) 7, vai^^xlx > 1, 

(2) deg(r) snp^^j, dcg(r,) < oo, 

(3) n^t := sup^^x n^{x) < oo. 

Then by {J) we denote the space of S-measurable mappings g : J M. with 
Qx '■ Jx continuous such that sup^gj^^ ll.9x||oo < oo. For iJo > 0, by 'H'^XJ^Hq) 
we denote the space of all functions Lp in Ti-miJ^) H C^{J') such that all of are 
bonded above by Hq. Let 

K{J)= U K(^,^o). 

Ho>0 

For (p e H°'{J,Ho) we put 

Then Lemma [2.31 takes on the following form. 
Lemma 5.1. For every ip £ H"{J,Ho), 

|5„v',(r-"(u;i)) - 5„v',(r-"(«;2))| < Qg''{wi,w2) 

for all n > 1, all x (z X, every z £ and every 'Wi,W2 G B{T"{z),^) and where 
y = {x,z). 

In this paper, whenever we deal with uniformly expanding random maps, we 
always assume that potentials belong to H"{J'). Hence all the functions C^{x), 
Cmax(x), Cmin{x) and defined respectively by ((2?2)) . ([2^ . ((O)) and ((23)) are 
uniformly bounded on X. Therefore, there exists A G R such that A{x) < A for 
all X € X^ where A(x) is the function from Proposition 13 . 1 8l In particular, we can 
prove the following. 
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Lemma 5.2. There exists a constant A\ such that, for x G X and all yi, j/2 G 



Cr'l(2/i) 

Proof. It follows from Proposition 13 . 1 81 that 

|4, (£1) (2/1 ) - 4i 1 (j/2 ) I < 2AB"-^ . 
Then by Lemma l3Jl and (|43)) 



A, 



< — : i < AxB" 



for some constant x-indcpendcnt. □ 



2. Continuity of lambdas 

This section has a somewhat more special character. We topologized the base 
space X and we introduce a concept, called the global neighborhood property, which 
enables us to gain continuity of the function x t—^ Xx- We assume that T : J ^ J 
is a uniformly expanding random map. 

Since a uniform limit of continuous function is continuous, the following lemma 
is a direct consequence of Lemma 15.21 



Lemma 5.3. Let X be a compact metric set and 6 : X X be continuous. 
Suppose that, for every n and for every x £ X there exists a neighborhood W of x 
and a function W 3 x ^ Unix) S ^^"(a;) such that the map 

W 3 X ^ C^tiVnix)) GM 

is continuous. Then x ^ \x is continuous. 

We say that a uniform expanding random map satisfies the global neighborhood 
property if, and only if, the following conditions hold. 

(a) For ever x £ X, <ZY and ~ q\j^; where (F, g) is a Polish space 
which is normalized so that diam(y) = 1. 

(b) There exists U <ZY with the property that, for every x £ X wc can find 
VxCU such that T^(14) = U. 

(d) lfyi,y2 gU and Q{yi,y2) < then 

Q{Tx{yi),Tx{y2)) > ig{yi,y2)- 

(e) The function {x,y) i— s- T~^{y) S IC{U) is continuous in the Hausdorff 
metric. 

(f) For every y (z U the map x > fxiy) is continuous. 

Lemma 5.4. IfT'.J^s-JJ satisfies the global neighborhood property, then the 
function x i— > Cx'^iv) continuous. 

Proof. First, we prove that condition (e), implies continuity of the function 
{x,y) ^T^^{y). In fact, let {x,y) be the point of discontinuity of this function. 
Let < ^ be such that for aU wi, W2 G T-'^{y), B{wi,C)nB{w2,C) = 0if wi ^ W2. 
Let e > be such that dH{T~^{y),T-\y')) < ^'/2, if g{{x,y), {x' ,y')) < e, where 
dH denotes the Hausdorff metric. Choose such {x',y') that which has a different 
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number of preimages then (x, y). Without loss of generahty we can assume that it 
is bigger. Then there exists w E T^^{y) and 



such that wi W2- But the condition (d) gives us that Tx'^w'i) ^ Tx'{w'2), which 
is a clear contradiction with (|2.ip . 

Let a; G X, let be a neighborhood of x and X 3 x' t-^ y{x') G U he a 
continuous function. From what was proved before we have that for every w € 
T~^{y{x)), there exists a continuous function x' i— > Zw{x') such that Tx'{zw{x')) = 
y{x'), z.u,(x) = w and 



Therefore we get that for every y € U, every x' close to x and every w € T~"(y), 
there exists a continuous function x' i— > Zw{x) such that T", (zu,(a;)) = y, Zw{x) = w 
and 



(2.1) 



w[,w'2eT-My')nBiw,^') 



T^^ivi^')) = M^') ■■ ^ e T-\y{x))}. 




□ 



CHAPTER 6 



The pressure as a function of a parameter 

In this chapter we deal with two parameter famihcs of potentials. Firstly, by 
careful close look at the measurable bounds obtained in Chapter [31 we will be 
able to show that the theorems from that chapter can be proved to hold for every 
parameter and almost every x (common for all parameters). Then, we will use 
this fact to show that many properties of the pressure as a function of a parameter 
known to hold in the deterministic case, continue to be true also in the random 
case. 

1. The pressure as a function 

In this section we only assume that T : Z —t Z is a, measurable expanding 
random map. Let ip^^\ip^'^'> e HmiJ) and let t = (ti,i2) e K^- Put 

(1.1) \t\ max{|ti|, \t2\} and t* ~ max{l, \t\}. 
Set 

(ft =: tiip*^^^ +t2ip'-^^ 

and 

(1.2) v'l^i^wi + i^f^)!. 

Fix a > and a measurable log-intcgrable function H : X ^ [0, +oo) such that 
ip^'^\ip^'^^ e HZiJ, H). Then for aU x e X and aU yi,y2 e J^, we have 

<H,\h\p'',{y2,yi) + H,\h\pt{y2,yi) 
<2\t\H,p%{y2,yi). 

Therefore 

Also, for all x E X and all y £ Jx, have 

\SnVtAy)\ = \tiS,,v'iHy) + hSnvf\y)\ 

<MS^^^}Hy)\ + \t2\\S^^<i\y)\ 
<mSr.^(^\y)\ + \Sr.^^\y)\) 

< \t\\Sn^x{y)\ 

< \t\\\SniPx\\oo- 

Therefore, 

(1-3) ||5'„i^t,a;||oo < |i|||5'„<(5x||oo < t*\\Sn(Px\\oo- 
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Concerning the potential (p, we get 

- vM\ = |(|^i^^(y2)| - W^\yi)\) + {W^^\y2)\ - W^^\yi)\) 

< WHy2) - d'Hyi)\ + \^^'Hy2) - v^^\yi) 
<2H,pt{y2.yi). 

Thus 

(1.4) ^&'H'^{J,2H). 

Denote by Ct, Ct^max, Ct^mXn, D^ t and /3t(s), the respective functions associated to 
the potential (ft as in Section^ If the index t is missing, these numbers, as usually, 
refer to the potential ip given by (|1.2p . Using (|1.3p and p.4p . we then immediately 
get 



(1.5) 



(1.6) 



Ct{x)<c^p{Q^i2t*H)) max {exp(2i*||5fe</.,_J|oo)} 



< [cxplQrc{2H)) max {cxp(2\\Skfx-J\oa)} 

\ 0<k<j 



(1.7) Ct,min{x) > exp(-Q,(2ri/)) exp(-2r||5„</p. 



(1.8) Ct,„,ax(x) = exp(Q,(2i*i?)) deg(r;)exp(2i*||5„(^,||oo) < 



t* 



and therefore, 



C^{x) 



C^i„(x)\*- (s - 1)H._,7.-", 



> 



C^{x) 

^min (^) 

C^(a;) 



•(,s-l)H._,7^° 
2sQ^ 



/3**(s). 



Finally we are going to look at the function A{x) and the constant B obtained in 
Proposition 13. 181 We fix the set 

G:={x: M and j{x) < J} 

as defined by (|6.2p . Note that by ([1]), for a; e G we have, 

/3x,t>M**. 

Denote by G'_ the corresponding visiting set for backward iterates of 9, and by 
in-k)'i' the corresponding visiting sequence. In particular 

fc 3 
hm — > — . 

fe^oo rife 4j 
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Putting 
and 

A{x) := max{2C*„*,Jx)i?r^'^ , C^* (x) + C'^^^x)}, 
as an immediate consequence of Proposition 13.181 and its proof along with our 
estimates above, we obtain the fohowing. 

Proposition 6.1. For every t G M^, for every x e G'_, and every £ ^ 

\\c:_^,t9.^„~qtAo.<Mx)B:^. 

More generally, if gx S '^'^{J^x), then 



In here and in the sequel^ by Qt^x7 

A| ^ and Ct^x we denote the respective objects for 

the potential ipt ■ 

Remark 6.2. It follows from the estimates of all involved measurable func- 
tions, that, for R > and t M. such that \t\ < R, the functions At and Bt in 
Provosition \6.l\ can be replaced by ^max{fl.i} ci'i^d -Bmax{fl.i} respectively. 

Now, let us look at Proposition 13. 201 Similarly as with the set G, we consider 
the set Xa defined by (|6.6p with A{x) generated by (p. So, if a; G Xa, then 
At{x) < At for some finite number At which depends on t. Denote by X'j^ 
the corresponding visiting set intersected with G'_^. Therefore, the following is a 
consequence of the proof of Proposition 13.201 and the formula (|8.3p . 



Proposition 6.3. For every R > 0, every x G X'j^ _|_, and every gx G C{Jx) we 
have that, 



lim sup 



^tx9x - ( / gxd^lt,x^tgr,^^x) 



= 



and, for all x G X'j^ ^ and all t G K.'^ , 

(1-9) l'x,t,n " Vt,x 

n — >oo 

in the weak* topology, where 

Vx^t.n ■— rn 1] /■ \ 

Qx^{Wn) 

and, as usually, Sy is the Dirac measure supported at y. 

Moreover, we obtain the following consequence of Lemma [3. 291 and p.5p . 

Lemma 6.4. There exist a set X' d X of full measure, and a measurable 
function X 3 x t-^ Di{x) with the following property. Let x G X' , let w G JTx o-''^d 
let 71 > 0. Put y = (.T, w). Then 

vtx{T~''{B{T'Hy),0)) 
{D,{9-{x)))-*' < ' ' a p / \, < (^ir(^)))** 



for all t G 



p2 
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For all t e R2 

SPit) -.^SPiipt). 
Wc now shall prove the following. 

Lemma 6.5. The function £P : ^ M is convex, and therefore, continuous. 
There exists a measurable set Xg such that m{X£') = 1 and for all x G Xg and all 
t e M^, the limit 

(1.10) lim - log£l^l{w„) 

n— »oo n ' 

exists, and is equal to £P{t). 

Proof. By Lemma [4.61 and Lemma [3.281 we know that for every i e there 
exists a measurable Xj. with to(Xj) = 1 and such that 

(1.11) lim -\ogQ^t{wn) ^ lim - log A^^ £P(t) 

n — *oc Jl ' n— i-oo Jl ' 

for all X G X[. Fix A G [0, 1) and let t = {ti,t2) and t' = [t'l^t'^) G M^. By Holder's 
inequality we have, 

^ exp(A5'„(/3t(z)) + (1 - X)Sn^t'{z)) = 

,^^r,^ = exp{XSnf t{z)) CXp{{l - X)Sn(pt'{z)) 

zeT-"{w„) 

- ( X! exp(S'„(pt(z))^ ^ exp{Sn'Pt'iz))^ 

Therefore, 

i loglog/:^,+(i_;,),,,,l(u;„) < A^ logC^,l(u;„) + (1 - A)^ log^^'.^lK). 

That is, all the functions M.'^ 3 t i-^ i log£"^l(w„), n > 1, are convex. It thus 
follows from (fLTTjl . that the function R"^ 3 t ^ £P{t) is convex, whence continuous. 
Let 

Since the set Q'^ is countable, we have that m{X£) = 1. Along with p. lip , and 
density of in R^, the convexity of the functions R"^ 3 1 1-^ ^ log £"3, !(«;„) implies 
that for all x G Xs and all t G R^, the limit 

lim - log£"^l(it;„) 

n—*oo n ' 

exists and represents a convex function, whence continuous. Since for all t G 
this continuous function is equal to the continuous function R^ 9 t 1-^ EP{t), we 
conclude that for all x G X£ and all i G M^, we have 

lim - \ogC'l.^t{w^)^£P{t). 

n—*oo Jl ' 

We are done. □ 
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Lemma 6.6. Fix ^2 G K and assume that there exist measurable functions L : 
X ^ X Lx (z and c : X ^ x t—^ Cx > such that 

(1.13) S„ipx.i{z) < ~ncx + Lx 

for every z ^ Jx and every n > 1. Then the function M 9 ti i-^ £P{ti,t2) G M is 
strictly decreasing and 

(1.14) lim £P(ti, t2) = — oo and lim £P{ti,t2) ~ +oo m — a.e. 

ti — >+oo ti — ^ — oo 

Proof. Fix x e Xs. Let ti < t[. Then by (fTTTSl) 

= ^ exp{tiSnfi{z)) exp{t2Sn(p2{z)) 

zeT-"{w„) 

= ^ CXp{t[Sn'Pl{z)) CXp{t2Sn(p2{z)) CXp({ti - t[)Sn(pi{z)) 
> ^ CXp(t[Sn'P2(z)) CXp[t2Sn(p2{z)) CXp[{ti - t[){Lx - nCx)) 

= ^ exp(S'„(p(t'^,t2)(z)) exp{{t[ - ti){ncx - Lx)) 

zeT^"{w„) 

Therefore, 



;^log[ exp(S'„(^(t^,t,)(z))^ 

>-log( Y '^^PiSn(P{t[.t2)iz))) + {t'l- ti){cx - Lx/n) . 



ze:T~"{w„ 



zeT-'^{w„} 

Hence, passmg to the subsequence (rij) and letting Uj oo, we get 

(1.15) Pxiti,t2)>Px{t[,t2) + {t[-ti)Cx. 

It directly follows from this inequality that the function ti P2:(ti,t2) is strictly 
decreasing and 

(1.16) lim px(ti,t2) = —oo and lim px{ti,t2) = +oo. 

Hence, by Lemma [6T5l the function ti i-^ £P{ti,t2) has the same properties. □ 

2. Real cones 

Let Hx ■= Ti-R^x W"(j7r) and let Hc,x ■= '^k,x © «'Wr,x its complexification. 
(2.1) -.^Cl, :={.geH. :5(«;i) <e^Q-'?°('"-"'=)g(u;2) if g(«;i, ^^2) < 

Whenever it is clear what we mean by s, we also denote this cone by Cx- 

By C+ we denote the subset of all non-zero functions from C|. For I G {Hx)*, 
the dual space of Hx , we define 

K{Cx,l) ■■= sup . 
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Then the aperture of is 

K{CI,) ~ inf{A'(C^, {n^)\l + 0}. 

Lemma 6.7. /ir(C|) < oo. This •property of a cone is called an outer regularity. 
Proof. Let Wfc e Kr, fc = 0, . . . , TV be such that 

fc=i 

Define 

(2.2) «o(5) :=£.9K)- 

fc=i 

Then by Lemma [3. 121 we have that 

llfflU < fsQx(exp(sQ,r)) + l)||5|U 



< (^sQ,(exp(sQ,r)) + Ij expisQ^CMg)- 

Note that ||/o||a = L^, since /o(g) < -Zv^HglU < -^ajHfflU and /o(l) ^ L.^ ^ 
Hence 

(2 3) IMMa ^ ^, _ LjsQ.icMsQ.n) + 1) cMsQ.O- 



□ 



Let 



By (|5.3|) for s > 1, < s. Moreover, hke in (|5.2p wc have the following. 

Lemma 6.8. Lei g ^ and let w,w' £ J76i(a;) wii/i q{wi,W2) < ■f- Then, for 



< cxp|sg(^)Qe(^)gi"('u;i,w;2)} 



Lemma 6.9. There is a measurable function Cr : X — > (0, oo) such that 

'^(^) < Cr{x) for every i > j{x) and g eC^. 

Proof. First, let i = j{x). Let a G T~^^{z) be such that 
e^'^('')<7(a) = sup e^^'^^y^ g{y). 
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By definition of j{x), for any point w & Jx there exists b G T^j'. (w) n B{a,£,). 
Therefore 

exp(-2||5'j-(^)y^_^^^j lloo - aQx) 



> (C«(x))-^/:L,g(z) 



where 



exp f - sQ^ - 2\\Sj(^x)fx_^(^^ I 



-1 



(2.5) Ch(x-) ^ — ^^y^ ^ < 1 

The case i > j{x) follows from the previous one, since Cx~J}^'' gx^i & C^_j^^y D 
Let s > 1 and s' < s. Define 

1 - exp ( - + gQQ.r") s + s' 

(2.6) T^:=T^ , sup < j. 

r£{o,i] 1 - exp ( - (s - s')(5^r") s - s' 



Lemma 6.10. For g^, fx , 

supyej-^ \gx{y)\ 



fx — gx & 



infyej, \fx{y)\ 
Proof. For all w, z G Jx with Qxiz, w) < ^, 

Tx\\gx/ fx\\oc(^exp {sQxQx{.Z,w))fx{z) ~ fx{w)j 

> Tx\\gx/ fx\\oa(^CXp [sQxQ%{z,w)) - CXp [s' QxQ%{z,w))^ fx{z) 

> (^exp {sQxgxiz,w)) - exp ( - s'Qxgx{z,w))^gx{z) 

> exp {sQxgx{z,w))gx{z) - gx{w). 

Then 

exp (sQa;£'"(z,w))(Tj;||,9//|loo/i^(2:) - gx{z)^ > || ,g//|| oc./:e (w) - gx{w). 

We say that G is balanced if 

(2.7) l^i^ < C«(.:) 

for aU yi,y2 ^ Jx- 

Let gx,fx(^Cl. Put 

PxAfx,gx) ■■= mf{T > : r/^ - .g^ G C|} 

and define the Hilbert projective distance Pdist : C| x C| ^ R by the formula 

Pdista:(/x,52;) ■.= Pdistx.,sifx,gx) ■.= \og{l3x.s{fx,gx) ■ Px,s{gx, fx))- 

Let 

A, :=diamc^ f/:L,(CL,,M)), 



□ 
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where diamcj j, is the diameter with respect to the projective distance and j = j{x). 
Then by Lemma 16.81 Lemma 16.91 and Lemma 16.101 we get the following. 

Lemma 6.11. Ifgxifx G C| are balanced, then 

Pdist,(/,,5,) < 2 log (^i^ • CbXx) 
\s — s' 

It follows that 

A, <21og(^^.Cij(.T)). 

3. Canonical complexification 

Motivated by the work of Rugh [17] we now extend real cones to complex ones. 
Define 

C: := {I e (Hx)* : l\c^ > 0}. 

C£,, := {.9 e Hccc ■■ '^HMeCi Re{h, g) {h, g) > 0}. 
Denote also by Cjt^ the set of all g <E ^ such that g ^ 0. 

There are other equivalent definition of ^. The first one is called polarization 
identity by Rugh in jl7l Proposition 5.2]. 

Proposition 6.12 (Polarization identity) . 

~ Wif * + *.9*) • ./* =•= 9* £ Cr,x '^"'^ a e C}. 
In our case we can also define ^ as follows. Let g{w, w') < ^. Define 

and 

Fx ■■= {L,w' ■■ g{w,w') <0<Z C*. 

Then 

= {.9 e : V,ei.J(g) > 0}. 
Later in this section we following two facts about geometry of complex numbers. 
The first one is obvious and the second is Lemma 9.3 from 117] . 

Lemma 6.13. Given ci,C2 > there exist pi,p2 > such that if sq :~ cip2 and 
Z e {re''' : 1 < 1 + So < 2pi + 2so}, 
then there exist a, /?, 7 > such that 

He Z > a, He Z < (3, ImZ < 7 and 7C2 < a. 
Lemma 6.14. Let zi, Z2 ^ C be such that Re zi > Re Z2 and define m G C though 

e^In-iy = _f 1 



z\ gRe 2:2 

Then 

I ^ |Im(zi - Z2)\ ^ (lm(zi~Z2) 

Argu < — — andl<\u \ <l+[ — 

Re(zi-Z2) VRe(zi-Z2)- 

Let (/3 = Re iy9 + I Im </? be such that Re Im ip £ Ti°' {J) . We now consider the 
corresponding complex Perron-Frobenius operators Cx^ip defined as follows 

^x,>pgxiw) = ^ e'^'^^'''>gx{z), w & Jet^x)- 

T^{z)=w 
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Lemma 6.15. Let w,w',z,z' e J^x such that g{w,w') < ^ and q{z,z') < 
Then, for all 51,52 € C^.r, 



' {^x,Rc ipgi)lz,z' {^x,Rc ipg2) 

where 

(3.1) Z e Ax := {re''' : 1 < r < 1 + sl\u\ < 2|| Im(p|U + 2so}. 
and 

(3.2) So := 7 } 

Proof. For y e T~'^{w), by y' we denote T~'^{w'). Then for g e Cx 
lu,,n,'{Cx,^g) ■■= Cx,^g{w) - e-''^-'''('"^'"">Cx,^g{w') 

= e'^(^)5(y)-e-"'5-'?°("''"'')e'^(y''5(y') 

= X! ^viv.g). 

yeT-\w) 

where 

ny{^,g) e'^(^)5(y) " e-^«-^°("'-"'')e'^(^')5(y')- 
Define impUcitly Uy so that 

ny(Reip,g)e''"''^^y^Uy = ny{ip,g). 

Put zi := V3(j/) +log5(y) and Z2 := -sQx£'"(w, w') + fiy') + \ogg{y'). Then 

^^1 f^Z2 



By (1131) 

Keip{y) - \ogg{y) - {ReLp{y') + log g{y')) > -s'g^x)Qe(x)Q°'{wi,W2). 

Then 

Re(zi - Z2) > (s - s'g^^~^)Q0^x)Q'^ {wi,W2). 

We also have that 

|Ini(zi - Z2)\ < Vailmip)^'" g°'{wi,W2), 
since lm{zi — Z2) = lmip(y) — l'nnp{y'). Therefore, by Lemma 16.141 

I ArgUj^l < So -r 

and 

l<\Uy\^<l + sl 

Since 

L^w'iCx.^^g) = ^ ny{ip,g)= ^ e'^™'^(^'uyny(Re(p,5), 



'(^a:, Re 1^5) 
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where 

Z e A,j,, := {re™ : 1 < r < 1 + Ju| < 2|| Im(p||oo + 2so}. 

Similarly 

'(•^a:,¥'5l)^z,z'(-^ _ ry 



Rci/'5l)'z,z' (•^a;,Rc¥'52) 

for possibly another Z E Ax- □ 
Let pi , p2 be the real numbers given by Lemma 16.131 with 

'^^^ (7^4)0: cosh-. 

Having Lemma |6.15[ Lemma 16.131 and Lemma |6 . 1 1 1 1 he following proposition is 
a consequence of the proof of Theorem 6.3 in [TS 



Proposition 6.16. Letj=j{x). If 
(3.3) II Ini5jV3^_J|oo < Pi and Va(JriiS.jipx_^) < P2, 

then 

Let lo (the functional defined by (|2.2p '). Then by Lemma 5.3 in [17j we get 
K A-(C^,,, /o) sup < Kx := 2^27^^ 

where K'^ is defined by (|2.3p . By Z we denote the functional which is a normalized 
version of (l/i2;)Zo. So ||/||q = 1. Then, for every 5 g ^, 



(3.4) 1 < ^ < Kx. 

{1,9) 

4. The pressure is real-analytic 

We are now in position to prove the main result of this chapter. Here, we 
assume that T : ^ is uniformly expanding random map. Then there exists 
j S N such that i{x) ~ j for all x G X. Without loss of generality we assume that 

Theorem 6.17. Let to = (ti,...,t„) e R" and R > 0. Assume that the 
following conditions are satisfied. 

(a) For every x €z X and every w € Jx, D{to,R) 9 2 1-^ fz.xiw) G C is 
holomorphic, where 

D{to,R} :={z= (zi,...,z„) eC" :Vfc|zfc-tfe| < R}. 

(b) For z e M" n D(t,R), (^,,, G Hr.x- 

(e) For all z G D{tQ, R) and all x Cz X , there exists H such that 

W^z.xWa < H. 

(d) For every s > there exists 6 > such that for all z G D(to,S) and all 

X e X, 

II Imip^.xWa < £. 

Then the function D(tQ, R) D M" 3 z t-^ £P{ipz.x) *s real-analytic. 
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Proof. Since we assume that the measurable constants are uniform for x (z X 
we get that from Proposition 16.161 and condition (d) that there exists r > such 
that, for all z e D{to, r) and all x G X, 

Then by ([Q]) . 

IIA'._„WI|a 

(1)) 

Therefore, by Montel Theorem, the family 



< K. 



■g"x_„(l)(^) 



is normal. Since, for all 



z <E M" n D{to, r) and all x G X we have that 



we conclude that there exists an analytic function z i-^ gz,x{w) such that 

-c" _„(i)M 



(4.1) 

Since, in addition. 



gz,xiw). 



we therefore get that 



r 



9z,x 



M^lx^^W)' 

Thus, using (|4.ip . again, we obtain. 
As for aU z G i:>(to, r) n R", 

Qz.x LxQz,x 

lx{qz,x) Y^k=0lz,x(wk) 

we conclude that, 

(A0\ 1 ( r n \ — 1 ( r —S—r!—\ — \ ^3^1 (93:1,2) 

l^'^y ^x \ y^z^xOz^x ) — '^x^y^z^x J / w '^z.x > / \ ■ 

^x\Qz^x) ''X\Qz,x) 

By the very definitions 

IxA^z.xgz.x) = i^/Lx) Cz,x9z.x{wk) 



k=l 



and 



J^z,xgz,x{w) = 



gzAv)- 



Denote gz,x{w) by i^(z) and ipz,x{w) by 0(2). Then, for z = (zi,...,z„) £ 
D{ta,r/2)', and r(u) = z + ((r/2)e2'^™S . . . , (r/2)e2'^™"), where u = (ui,. .. ,u„) S 
[0, 27r]", by the Cauchy Integral Formula, 



OF 
Szfc 



1 



(2^*)2 (^1 - zi) . . . (a - Zfe)2 ... (^2 - ^2) 



< 2K/r 
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for k = 1, . . . ,n. Similarly we obtain that 



for fc = 1, . . . , n. Then, for k ~ I, . . . ,n 



dzk 



< {2H/r)e"K + e"{2K/r). 



It follows that there exists Cg such that for all a; e X, 



(4.3) 

Using (|4.2p wc obtain that 



< Co 



dzk 



and then 

for all X e X. Moreover, it follows from Lemma that 

II oo ) ■ 

Then 



^xi {qt,xi) 



> exp(- sup |l(/3a.||oo)Cj^ > 0. 



lx{qt,x) xex 
Hence, by (|4.3p . there exists ri > so small that 

lxi{Cz,xgz,x) e D{za,zo/2) 
for all z G D{tQ, ri). Therefore, for all a; S X we can define the function 

L'(to,?'i) 3 zi-^ loglxi{Cz^x9z,x) e C. 
Now consider the holomorphic function 

Since the measure m is 0-invariant, by (|4.2p 



\oglxA^z,x9z,x)d-m{x) = / logA^,j;y-|^^^dm(a;) 



logA2,^dm+ / lxt{qz,xt)dm - j lx{qz.x)dm{x) 

= y log \z,xdm = £P(v3t 



for z e D{to,ri) n M". Therefore the function D{to,ri) n M" 9 z 
real-analytic. 
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5. Derivative of the pressure 

Now, let T : J7 be uniformly expanding random map. Throughout the 

section, we assume that Lp G TimiJ^) ^ potential such that there exist measurable 
functions L : X 3 x (z ^ and c : X 3 x '—^ Cx > such that 

(5.1) Sn(Px{z) < TlCx 4" Lx 

for every z £ J'x and n and ip G Ti.miJ)- F^i' i G define 

ift := tip + ij}. 

Let i? > and let |to| < -R/2. Since we are in the uniform case, it follows from 
Remark 16.21 that there exist constants An, and Bji such that, for t G [— i?., i?]. 



vi9x) 



(fxdiixdin{x) — / (fdn 



Proposition 6.18. 

d£P{t) 
dt " 

Proof. Assume without loss of generality that \t\ < R/2 for some R > 0. Let 
X t-^ y{x) G i^a; be a measurable function and let 

£P{t,n) := [ -\ogC\\lx{y{x„))dm{x). 



Then lim„^oo '£'^(^7 '^) = ^P{t) by Lemma 14.61 Fix x (z X and put j/„ := y{xn) 
Observe that 



dt 



Since 

we have that 



yeT-"{y„) 

1 n— 1 

■5=0yeT-"(y„) J=o 
S^{^l){y) = 5,(^D(y) + ^n-.(¥'* )(riy) 



Clx{vx,oTi){y{x^)) = £^-^(^,^.4,l.)(y(x„)). 

Then by a version of Leibniz integral rule (see for example |14] . Proposition 7.8.4 
p. 40) 

d£P{t,n) f^,E-Zo^:;i{f^A,.^ M^n)) ^^^^^^ 



dt J Q^xMVn) 

Observe that 

c:jiipx,ci^t){yn) = \:c:-i[ipx,,tcixtx)iyn) 

and 

Clxtxiyn) = x:cixMyn). 

Then 

3. ClxiVx,oTi){y„) ^ C:~i[^xA,.^-)iyn) 

Q..Myn) Qx-^^Avn) 
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The function Lpx ^tx is uniformly bounded. So docs its Holder variation. There- 
fore it follows from (|5.2p . that there exists a constant A]i and Bji such that 



and 



oo 

From this by (|5.3p it follows that 

S ipx^Clx^xdvl^ - ArBI-' ^ Clx[vx,oTl){yn) ^ !ipxA,x^-dvl^+ARBl-^ 

l + AnBl - C^tvAVn) - ^-ArBI 

Since m is 0- invariant, wc have that 



'PxCi_^ttx_,dvldm{x). 



Ct.xy^txdvl^ dm{x) 
Hence, for large n, 



1 + ArBi 

1 v^n-i ri 

< 



< 



d£P{ip\n) 
dt 



Therefore 



d£P(t,n) 
lim ; 

ri— >cxj dt 



1 - ahb]^ 



(pxdiixdm{x) 



uniformly for t G [—R, R] 



□ 



CHAPTER 7 



Fractal Structure of Conformal Expanding 
Random Repellers 

In this chapter we deal with conformal expanding random maps. We prove an 
appropriate version of Bowen's Formula, which asserts that the HausdorfF dimension 
of almost every fiber jTr, denoted throughout the paper by HD, is equal to a unique 
zero of the function 1 1— > £P{t). We also show that typically Hausdorff and packing 
measures on fibers respectively vanish and are infinite. A simple example of such 
a phenomenon is a Random Cantor Set described at the beginning of Chapter [9l 
Later in that chapter the reader will find more refined and general examples of 
Random Conformal Systems notably Classical Random Expanding Systems, Briick 
and Biirger Polynomial Systems and DG-Systems. 

1. Conformal Expanding Random Maps; Bowen's Formula 

Definition 7.1. Let the ambient space Y he a smooth Riemannian manifold 
and assume that we deal with mappings fx'-Jx^ Je(x) that can he extended to a 
neighhorhood of Jx in Y to conformal C^^" mappings. If in addition 

f:{x,z)^{0{x)Jx{z)) 

is a measurably expanding random map then we call the random map conformal 
expanding random map. 

By |/^(y)| we denote the norm of the derivative of fx and by ||/;^||oo its supremum 
over z G J'x. Since the system is expanding we have 

(1.1) \fx\>lx fora.e. x € X, 

where |/^| is the similarity factor of the derivative 
For every t S M we consider the potential 

M^,z) = -t\og\f'^{z)\. 

The associated topological pressure P{(pt) will be denoted P{t). Let 

£P{t) = / Px{t)dm{x) 
Jx 

be its expected value with respect to the measure m. In view of (jl.ip . it follows 
from Lemma 16.61 that the function t i— > £P{t) has a unique zero. Denote it by h. 
The result of this subsection is the following version of Bowen's formula, identifying 
the Hausdorff dimension of almost all fibers with the parameter h. 

Theorem 7.2 (Bowen's Formula). The parameter h, i.e. the zero of the func- 
tion t I—)- £P{t), is m-a.e. equal to the Hausdorff dimension Y{D{J'x) of the fiher 

Jx- 
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Proof. Let {vx,h)xex be the measures produced in Theorem 13.11 for the po- 
tential (fh- Fix X £ X and z G J'x and set again y = {x, z). For every r £ (0, £] let 
k = k(z,r) he the largest number n > such that 

(1-2) i?(z,r)c/-"(i?(/:(z),e)). 

By the expanding property this inclusion holds for all < n < fc and linir^o k{z,r) = 

+00. Fix such an n. By Lemma 13.291 

(1.3) 

i^xAB{z,r)) < VxM--{B{f:(z),i))) < cxp(/iQ,„(,))|(/,")'(z)|-"cxp(-P,"(/i)). 
On the other hand, 

B{z,r)<^f;^^+^\B{f^,+\z),0) 
for every s > k. But, since by Lemma 12.31 

i?(z,exp(-g,.+.(,)r)l(/r')'Wr'0 C f-^'+'\B{f^+\z),0), 

we get 

(1-4) exp(-Q,...(,)r)l(/r')'Wr'e < r 

and 

i(/.^)'wr' <r'exp(Q,.+.(,)r)r- 

Inserting this to ()1.3p we obtain, 

(1.5) ly^ABiz, r)) < C'' exp{hQg,.^^)) e^p{hQgs+.^^)Cy 

•exp(-P^^(/.))|(/,^+i^y")'(/:(z))|^ 

or equivalently 
(1.6) 

logr ~ logr logr logr 

^ -feioge ^ -p^w 

log r log r 

Our goal is to show that 

. \ogVx,h{B{z,r)) A ^^ ^ T 

ummt > n for a.e. x £ X and all z £ Jx- 

r-+o log r 

Since the function x ^ Qx is measurable and almost everywhere finite, there exists 
M > such that m{A) > 0, where 

A = {x e X : Qx < M}. 

Fix 71 = rife > to be the largest integer less than or equal to k such that 6*" {x) G A 
and s ~ s^. to be the least integer greater than or equal to k such that 9'^'^^{x) E A. 
It follows from Birkhoff's Ergodic Theorem that 

lim Sk/n-k = 1. 

k — >oo 

Of course if for k > 1 we take any > such that fc(z, rk) = fc, then lim^^oo = 0. 
Now, note that by (|1.2p . the formula 

f--{B{f;{z),0) C P(^,exp(Q,„(,)r)l(/r)'Wr'C) 
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yields 
Equivalently, 

-logr > log |(/;)'(z)| -TQen.) - lose 
Since log |(/")'(^;)| > log 7" and sinee the function x 1-^ ^og^y^ is integrablc, x = 
J log J dm > 0, we thus get from Birkhoff's Ergodic Theorem that for a.e. x E X 
and all r > small enough (so k and Uk and large enough too) 



(1.7) 



logr > —n > —s. 
^ - 2 - 3 



Remember that 6'"(a;) G A and d^+^ix) e A. We thus obtain from ([T^ that 
(1.8) 

log v^ji{B{z,r)) 



lira inf ■ 



>h- 3/ilimsup - log ( (/|+(Ly")'(/"(^)) ) - 2-P:\h). 



for a.e. x G X and all z G J'^. But as J Px{h)dm{x) = 0, we have by Birkhoff's 
Ergodic Theorem that 



(1.9) 



lim -P^(h) 0. 

n— >oo Jl 



Also, since the measure fj,h is /-invariant, it follows from Birkhoff's Ergodic Theo- 
rem that there exists a measurable set Xq C X such that for every x £ Xq there 
exists at least one (in fact of full measure ^ix.h) G Jx such that 



lim — log 

j-tca j 



X 



J 



log\f'^{z)\dnh{x,z) e (0,+oo). 



Hence, remembering that 6^'-{x) and 6'''^^{x) belong to A, we get 
limsupilog(|(/,^+i.r)'(^"(^)) 



= lim sup - ( log 



- log 



limsupi(log (/r^)'(z.) -log (/r)'(^x)) 



k—*oo 

< lim sup - log 

k~*oo ^ 



lim inf — log 

k^oo S 



(/r)'(^x) 



x-x = 0. 



Inserting this and (|1.9p to (|1.8p we get that 
(1.10) 



liminfi^i^^^ii^(^>/.. 



logr 

Keep X £ X, z e Jx and r e (0, Now, let I = l{z, r) be the least integer > 
such that 



(1.11) 

Then, by Lemma 



f-\B{fi{z),i)) C B{z,r). 



(1.12) 
On the other hand 



Vx,H{B{z,r))>Ux.h{I-\B{fl{z),m 



> 



D,{0'{x))e^p{-Qe.^x))\{fxnz)\-'eM-Pim 



f-^'-'\B{f-\z),0)^B{z,r). 
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But, since 

f-^'-'\Bif-\z),0) C B{y,expiQo.-.{x)n\{ft'y{^)\-'0, 

we get 

(1-13) r < eexp(Q,,-.(,)r)l(/l-')'(2/)r'- 

Thus 

i(/r^)'wr^ >r'exp(-g,,-,(,)r)^- 

Inserting this to (|1.12p we obtain, 

(1.14) i^.,,(i3(z,r)) > r''D^{e\x))e-'^oH.^{f,,_,^^^Y{f-\z))\'h. 

Now, given any integer j > 1 large enough, take Rj > to be the least radius 
r > such that fyHB{f^{z),^)) C B{z,r). Then l{y,Rj) = j. Since the func- 
tion Q is measurable and almost everywhere finite, and is a measure-preserving 
transformation, there exist a set T G X with positive measure m and a constant 
E > such that Qx < E, Di{x) < E and Qg-i(^x) < E for aU x e T. It follows 
from Birkhoff 's Ergodic Theorem and ergodicity of the map 6 : X ^ X that there 
exists a measurable set Xi C X with m{Xi) = 1 such that for every x G Xi there 
exists an unbounded increasing sequence O'OiSi such that 9^^{x) G F for all i>l. 
Formula p.l3p then yields 

-logi?,, > -i?r + ioge + iog|(/^--i(z)i > -i?r + ioge + iog7^'-' > 

where the last inequality was written because of the same argument as (|1.7|) was, 
intersecting also Xi with an apropriatc measurable set of measure 1. Now we get 
from pm)) that 

\ogVx,h{B{z,R,^)) 2\ogE 2E 2h 1 2h^"E 

+ 

XJi X Ji 

Noting that Px{t)dm{x) ~ and applying Birkhoff 's Ergodic Theorem, we see 
that the last term in the above estimate converges to zero. Also 4- log ||(/eJi-i(2;))'lloo 
converges to zero because of Birkhoff's Ergodic Theorem and integrability of the 
function x ^ log||/^||oo- Since all the other terms obviously converge to zero, we 
thus get for a.e. x € X and all z & J^, that 

hminf ^°g'^-f(^("'^» < hminf '-^-^AB{z,R,.)) < 

r— ►O logr i~toc log Rj- 

Combining this with (jl.lOp . we obtain that 

^.^.^^log. .(i3(z,r))^^ 
r^O log r 

for a.e. x G X and all z E J'x. This gives that }ID{J'x) = h for a.e. x E X. We are 
done. □ 
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2. Conformal uniformly expanding random maps; Hausdorff and 

Packing Measures 

A conformal measurable random map j : J —* J which is uniformly expanding 
is simply called conformal uniformly expanding. However, in order to investigate the 
finer fractal structure of we also need a mild information about the asymptotic 
behavior of Birkhoff's sums The latter will be guaranteed for instance by 

the Law of Iterated Logarithm or even by the Central Limit Theorem. 

Definition 7.3. We call a conformal random map f essentially random if and 
only if the following two conditions are satisfied. 

(a) / is conformal uniformly expanding. 

(b) For m-a.e. x G X , 

limsupP"(/i) = +00 and liminf P"(ft,) = — c», 

n — ^oo 

where h is the Bowen's parameter coming from Theorem Yl .2\ . 

A conformal random map is called quasi-deterministic if, and only if, it satisfies 
condition (a) and 

(c) there exists yl > such that for m-almost all x ^ X and all n > 0, 
-A < P^ih) < A. 



Remark 7.4. Because of ergodicity of the transformation 9 : X s- X , for a 
conformal random map to be essential it suffices to know that the condition (b) 
above is satisfied for a set of points x G X with a positive measure m. 



Remark 7.5. // the number 

a^(P(h))^ lim - / (Sn(P(h))Ydm>0 

n^oc n J \ / 

and if the Law of Iterated Logarithm holds, i.e. if 



V2(t2(P(/i)) = liminf 



y/n log log n 



< lim sup ' ^ ^2a'^{P{h)) m^a.e, 

n^oo V" log log n 

then our conformal random map is essential. It is essential even if only the Central 
Limit Theorem, i.e. if 



crv/27r 



oo 



Remark 7.6. If there exists a bounded everywhere defined measurable function 
u : X such that Px{h) ~ u{x) —wo (i.e. if P{h) is a coboundary) for all 

X € X , then our system is quasi- deterministic. 

For every a > let refer to the a-dimensional Hausdorff measure and let 7-"" 
refer to the a-dimensional packing measure. Recall that a Borel probability measure 
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defined on a metric space M is geometric with an exponent a if and only if there 
exist A>1 and R> such that 

A-^" < ii{B{z,r)) < Ar" 

for aU z £ M and all < r < R. The most significant basic properties of geometric 
measures are the following. 

• The measures ^, 7i", and T"^ are all mutually equivalent with Radon- 
Nikodym derivatives separated away from zero and infinity. 

• < W"(A/),7'"(A/) < +00. 

• HD(7\/) = h. 

The main result of this section is the following. 

Theorem 7.7. Suppose ^ : J ^ J is a conformal random map. 

(a) If the system ] : J J is essential, thenT-l^{Jx) = andV^{Jx) = +oo 
for m-a.e. x G X . 

(b) //, on the other hand, the system f : J —* J is quasi- deterministic, then 
for every x € X , 

(bl) z^^ is a geometric measure with exponent h. 

(b2) The measures i^'^ , andV^\j^ are all mutually equivalent with 

Radon-Nikodym derivatives separated away from zero and infinity in- 
dependently of X € X and y € J^x- 

(b3) <n''{jx),r''iJx) <+oo. 

(b4) RB{Jx) = h. 

Proof. Part (a). Remember that by its very definition ^^(/i) = J Px{h)dm{x) = 
0. By Definition 17. 31 there exists a measurable set Xi with m{Xi) ~ 1 such that for 
every x € Xi there exists an increasing unbounded sequence (depending 
on x) of positive integers such that 

(2.1) lim P^'^(/i) = -oo. 

Since we are in the uniformly expanding case, the formula (|1.12p from the proof of 
Theorem 17.21 (Bowen's Formula) takes on the following simplified form 

(2.2) MB{z,r)) > D-^r^ cxp{^Pi^'--\h)) 

with some D > 1 and all z £ J^. Since the map is uniformly expanding, for all 
j > 1 large enough, there exists > such that l(z,rj) = Uj. So disregarding 
finitely many terms, we may assume without loss of generality, that this is true for 
all J > 1- Clearly, 

lim rj =0. 

It thus follows from ((^ that 

iyx,hiB(z,r,)) > i?-V^'exp(-P;^(/i)) 
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for all X e Xi, all z e Jx and all j > 1. Therefore, by (|2.ip . 

J^x,h{B{z,r)) v^,h{B{z,rj)) 
lim sup r > lim sup ■ r — 

> D-^ \imsupexp{-P^^ {h)) = +00. 

Thus Ti'^C^,) =0. 

The proof for packing measures is similar. By Definition 17.31 there exists a 
measurable set X2 with m(X2) = 1 such that for every x e X2 there exists an 
increasing unbounded sequence {sj)°°^i (depending on x) of positive integers such 
that 

(2.3) lim P^^^ (/i) = +00. 

j-toc 

Since we are in the expanding case, formula (|1.5p from the proof of Theorem 17.21 
(Bowen's Formula), applied with s = k{z, r), takes on the following simplified form. 

(2.4) >^x{B{z,r)) < i?r'Vxp(-P5-''^)(/i)) 

with D > 1 sufficiently large, all x G X2 and all z Cz J^x- By our uniform assump- 
tions, for all j > 1 large enough, there exists Rj > such that k{z,Rj) = sj. 
Clearly, 

hm Rj = 0. 

It thus follows from (12.41) that 



iy,^h{B{z,rj)) < DR'^e^p{-P'^^{h)) 
for all X E X2, all z £ J'^ and all j > I. Therefore, using (|2.3p . we get 

,. . rVx.h{B{z,r)) . Ua:,h{B{z,Rj)) , . , / n 

hmmf — ^ < limmf — ^-^ — — < fhmmf exp(-P*J (/i)) ~ 0. 

r^O r j^oo R'} j-too ^ ' 

Thus V^'\Jx) = +00. We are done with part (a). 

Suppose now that the map ] : J ^ J va quasi-deterministic. It then follows from 
Definition 17.31 and (|2.2p along with (|2.4p , that for every x £ X and for every r > 
small enough independently of a; € X, we have. 

(Ai?)- < i^xABiy, r)) < ADr'\ xeX, z e Jx- 

This means that each i'x,hj a; S X, is a geometric measure with exponent h. Conse- 
quently, Ti.'^lj-^, V^Ij^, and i/x.h are all mutually equivalent with Radon-Nikodym 
derivatives separated away from zero and infinity independently of x £ X and 
z e Jx, < T-C\Jx),V''{Jx) < +00, and HD(J'^) = h for aU x e X. We are 
done. □ 



As a straightforward consequence of this theorem we get a corollary transparently 
stating that essential conformal random systems are entirely new objects, drastically 
different from determinisitc self-conformal sets. 



Corollary 7.8. Suppose that conformal random map ] : J J is essential. 
Then for m-a.e. x £ X the following hold. 
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(1) The fiber Jx is not bi-Lipschitz equivalent to any deterministic nor quasi- 
deterministic self-conformal set. 

(2) J7x is not a geometric circle nor even a piecewise smooth curve. 

(3) // J^x has a non- degenerate connected component (for example if Jx is 
connected) , then h ~ HD(j7x) > 1. 

(4) Let d be the dimension of the ambient Riemannian space Y . Then HD(j7a;) < 
d. 

Proof. Item (1) follows immediately from Theorem \7.7{ a.] and (b3). Item 
(3) from Theorem I7.7r a) and the observation that 7i^(VF) > whenever W is 
connected. Since (3) obviously implies (2), we are done. □ 



CHAPTER 8 



Multifractal analysis 

The second direction of our study of fractal properties of conformal random 
expanding repellers is to investigate the muhifractal spectrum of Gibbs measures 
on fibers. We show that the muhifractal formalism is valid. It seems that it is 
impossible to do it with a method inspired by the proof of Bowen's formula since 
one gets full measure sets for each real a and not one full measure set X„ia such that 
for all X € Xma^ the multifractal spectrum of the Gibbs measure on the fiber over x 
is given by the Legendre transform of a temperature function which is independent 
of x S ^ma- In order to overcome this problem we work out a different proof in 
which we minimize the use Birklioff's Ergodic Theorem and instead we base the 
proof on the definition of Gibbs measures and the behavior of the Perron- Frobenius 
operator. In this point we were partially motivated by the approach presented is 
Falconer's book [9] 

Another issue we would like to bring up here is real analyticity of the multifrac- 
tal spectrum. We establish it assuming that the system is uniformly expanding and 
we apply the real-analitycity results proven for the expected pressure in Section U) 

1. Concave Legendre Transform 

Let (p G Hm{J^) be such that £P{f) = 0. Fix g G M. We will not use the func- 
tion qx and therefore this will not cause any confusion. Define auxiliary potentials 

^q,x,t{y) ■= Qifxiy) - Px{f)) - t\og\fx{y)\. 

By Lemma |6.5[ the function 

M2 3 (g, t) ^ £P{q, t) := £P{(pg,t) e R 

is convex. Moreover, since log|/^(y)| > log'jx > 0, it follows from Lemma that 
for every q S K there exists a unique T{q) G R such that 

fF(^,,T(,)) = 0. 

The function q T{q) defined implicitly by this formula is referred to as the 
temperature function. Put 

Vq '■= Vq.T{q) 

By Dt we denote the set of differentiability points of the temperature function 
T. By convexity of £P, for A G (0, 1), 

£PiXqi + (1 - X)q2, Ar(qi) + (1 - X)T{q2)) 

< A£P(gi, r(qi)) + (1 - A)£-P(g2, r((j2)) = 0. 
Since 1 1-^ £P{Xqi + {1 — X)q2,t) is decreasing, 

T{Xqi + (1 - A)g2) < XT{qi) + (1 - X)T{q2). 
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Hence the function q t-^ T{q) is convex and continuous. Furthermore, it follows 
from its convexity that the function T is differentiable everywhere but a countable 
set, where it is left and right differentiable. 
Define 

L(r) inf {aq + Tiq)), 

— oo<g<oo 

where 

aeDom(L)=r lim -T'(g-), lim -T'(g+)1 . 

q — ^ — oo q — >oo 

We call L the concave Legendre transform. This transform is related to the (classi- 
cal) Legendrc transform L by the formula L(r)(a) = — L(T)(— a). The transform 
L sends convex functions to concave ones and, if (7 G Dt, then 

hiT)i~T'iq)) = -r{q)q + T{q). 

Lemma 8.1. Let q G Dt- Then for every £ > there exists de > 0, such that, 
for all S G (0, 6g), we have 

SPiil + 6)q, T{q) + {qT'iq) + e)5) < 

and 

£P((1 - S)q, T{q) + {-qT'iq) + e)5) < 0. 

Proof. Since the temperature function T is differentiable at the point q, we 
may write 

Tiq + 5q) = T{q) + T'{q)5q + o{6). 

for all (5 > sufficiently small, say S G (0, 6^^''). So, 

T{q) + (qT'iq) + e)6 - T{{1 + S)q) ^ eS + o{S) > 0. 

Then, in virtue of Lemma 16. 6i we get that 

£P{{1 + S)q, T{q) + {qT'iq) + e)S) < £P{{1 + 5)q), T((l + S)q)) = 0, 

meaning that the first assertion of our lemma is proved. The second one is proved 
similarly producing a positive number Si'^K Setting then = imii{Si^\ si'^^ } com- 
pletes the proof. □ 

2. Multifractal Spectrum 

Let fi be the invariant Gibbs measure for ip and let 1/ be the iy9-conformal 
measure. For every a G K define 

Kx[a) ■■= iy e Jx ■■ dfj^^(y) := lim = a}. 

L fog r J 



logr 
log fix {B{y,r)) 



and 

K'„ := ■[ y G ■ the limit lim — iif^i — [Ml — II. docs not exist I . 
^ r r->0 logr J 

This gives us the multifractal decomposition 

Jx ■■= l+J Kx{a)^K. 

a>0 

The multifractal spectrum is the family of functions {gfi^}xGX given by the formulas 

g^^{a) ■.= llD{Kx{a)). 
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The function (y) is called the local dimension of the measure at the point 
y. Since for m almost every x d X the measures fix and Vx are equivalent with 
Radon-Nikodym derivatives uniformly separated from and infinity (though the 
bounds may and usually do depend on x), we conclude that we get the same set 
Kx{a) if in its definition the measure ^x is replaced by i^x- Our goal now is to get 
a " smooth" formula for . 

Let iiq and i^q be the measures for the potential (pq given by Theorem l3.1l The 
main technical result of this section is this. 

Proposition 8.2. For every q G Dt there exists a measurable set X^a C X 
with m{Xma) = 1 o.iT'd such that, for every x G X^a, o,nd all q £ Dt, we have 

9,A-T'{q))^-qr{q)+T{q) 

Proof. Firstly, by Lemma WM for every < i? < ^ there exists a measurable 
function Db. : X (0, +oo) such that for all g G M. all a; G X, all y £ Jx, and all 
integers n > 0, we have 



r2i) D"«'r6i"rx))< "(g(./"(y),fl))) < d'^' {e''{x^^ 

(2.1) D,^ [9 (-))^ exp(<z(5„^(,)-P»(^)))|(/^)'(y)|--(.) -""^^^ 



where q* := {q,T{q))* as defined in (jl.ip . In what follows we keep the notation 
from the proof of Theorem 17.21 The formulas (|1.2p and (jl.lip then give for every 
j > I and every < i < k, that 

Dp\e={x))r' oxp{q{SMy) ' mv')))m'iy)\-'^^'^ < 

(2.2) <i^g,x{B{y,r))< 

<Di\e\x)))exp{q{sMy)-Pxm\ifJiyr'^^'^- 

By Qx we denote the measurable function given by Lemma 12.31 for the function 
— log |/'|. Let X^, be an essential set for the functions X 3 x i-^ Rx- X 3 x 0(2;), 
X I— > Qxi and X 3 X ^ D^{x) with constants R, a, Q and D^. Let (rij)'^ be the 
positively visiting sequence for X^ at x. Let Xs be the set given by Lemma 16.51 for 
potentials (j)q^t, q,t £]R?. Let 

X\_ := Xg n X'j^x, ■ 

Let us first prove the upper bound on gfj,^{~T'{q)). Fix x G X'^. Fix ei > 0. 
For every j > 1 let {wk{xn ) : 1 < fc < a(xn )} be a ^ spanning set of J7x .• As 

£P{(f)q) ~ 0, it follows from Lemma that 7 := \£P{4>q^T{q)+ei) < 0- So, in virtue 
of Lemma 16.51 there exists C > 1 such that 

(2.3) £^,,,,,,^^^,,l(u;fe(x„J)<Ce-^"^- 

for all j <1 and all fc = 1, 2, . . . , a(0"j {x)) < a. Now, fix an arbitrary £2 S K such 
that qe2 > 0. For every integer Z > 1 let 

Kx{s2, l) = [ye Kxi-T'iq)) : - T'iq) i^^l < ^°g"-(^(^'"» < -T'{q) + l\e,\ 



for all < r < l/l 
Note that 

00 

(2.4) Kx{-T'{q))^\jKx{e2J). 



1=1 



68 



8. MULTIFRACTAL ANALYSIS 



Let 



Then 

(2.5) K,{e2,l)c U /7"^(B(r^(z),e/2)). 

For every z £ r„^ (a;), say z G ^ (u;fe(a;„J), choose 

5 e X, (£2 , n /-"^ (i?(«;fc (a;„^. ) , C/2)) . 
Then S(wfc(x„J, C/2) C B(/"^ (z),0, and therefore 

/-"^■(B(u;,(x„J,^/2)) C /r^ (i?(/"^(z),0). 
It foUows from this and p.5p that 

(2.6) i^.(£2,0c U /r"^(i?(r^(z),0). 

Put 

rf)(z) = Q-i|(/;0'(5)r' and rf )(z) = g|(/:0'(^)|-' 
We then have 

^(~^)) C /r^(i?(r^(z),0) C S(i,rf )(z)). 

Therefore, assuming j > 1 to be sufficiently large so that the radii r'^^\z) and 
r^^\z) are sufficiently small, particularly < 1//, we get 



-log|(/rO'(^)l - -log|(/rO'(5)| 

log i.4i?(z),r«(z))) 



< 



and 



log(rf^(z))+logQ 
<-T'{q) + \e2\. 



logv^Ur^ {B{r^{z),0)) > logi..(S(z),Q|(/rO'(5)r^) 



log|(/"0'(^)l - -log|(/."0'(5)l 

log ;.4i3(z),rf)(z))) 



> 



log(rf)(z))-logQ 

>-T'{q)~\e,\. 



Hence, 



kKiogi^^/r^' (^(r^(^)'O)) - (^^'(9) + k2i)iogi(/:o'wi) < 

and 

kl(logi^.(/r^(S(r^(z),0)) - {T'{q) - |£2|)log|(/rO'WI) > 0. 
So, in either case (as £29 > 0), 

-q{\ogv,,{fr^{B{n{z),0)) - (T'iq) |£2|)log|(/:0'WI) < 
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or equivalently, 

(2.7) 1^-%!^' (Bin i^^),o))\inym'^''^'^''''' < i- 

Put t = —qT'iq) + T{q) + Ei + e2q- Using (|2.7p and (|2.3p we can then estimate as 
follows. 



^ diam-9^'(«)+^(9)+^i+^=«(/r"'(B(/".(z),e))) = 

= 5] diam^(^)+^^ (/r-^ (z), C)))diam-''^'(')+^^«(/r"^- (5), 0)) 

= iQr'r E exp(g(5„^.^(z)-P;^M)-(T(g)+eilog|(/;0'WI)- 
zer„.(x) 

< (Qr')'*e«<3* E (^^"')'* E exp(g(5„^.v.(z)-P,"^M)- 

- (r(g) +£i)log|(/:0'(^)l) exp(g(P;^ (v.) - 5„^^(i))) |(rO'(^)r^'^^^-^^^ 

< (gr')'*e«'3^ E E exp{q{S^M^) ~ P^^^))- 

-(r(g)+ei)iog|(/;o'wi)^.-n/r^(5(r^(^)'0))i(ro'(^)r'^''^^-^^'' 

< (Qr')'*e^'3* E (^^"')'* E cxp(g(5„^.^(z)-P;^M)- 

-(T(g)+£i)log|(/."0'WI) 

fe=l 

Letting j ^ oo and looking also at (|2.6p . we thus conclude that 'H*{Kx{e2, 1)) ~ 0. 
In virtue of ((2^ this implies that n\Kx{-T'{q))) = 0. Since ei > and £2? > 
were arbitrary, it follows that 

(2.8) g^^ {-T'{q)) = HD(A',(-r'(g))) < ~qT'{q) + T{q). 

Let us now prove the opposite inequality. For every s > 1 let s_ be the largest 
integer in [0, s — 1] such that 6'^- (x) € X^, and let s+ be the least integer in 
[s + l,+oo) such that d''+{x) G X,. It follows from (|2.2p applied with j = 1+ 
and i — k-, that p.4p is true with s + 1 replaced by fc+ , and (|1.13p is true with 
I — 1 replaced by 1-, that 

logz.,,.(i?(;/,r)) ^ -g* log j)^ + qjSiMv) " (^)) ' T{q) log | (/!+ )^(j/) | 
log^ " log^ + eQ-log|(/^)'(2/)| 
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and 

log ,y,ABiy,r)) ^ q* log + q{Sk_ ^{y) - (ifi)) - T{q) log | {ft Y{y)\ 

logr - loge-eQ-log|(/'+)'(y)| 

Hence, 

(2.9) lin,supi^^i^^^#^ < 

r-,0 log r 

f Pt{^)-SnMy) \ , iog|(/x"+)^fa)| 

< hmsup q— „_ +T (7 hmsup- „_ 

n^oo V log|(/r y{y)\ J n^cx) log|(/^ )' {y)\ 

and 

(2.10) i.^.,f log^.,^(^(^/.0) > 

r^o logr 

> lin^inf r.^^^^Mz^^) + T(,)lin.inf i^^^Pi^. 
-™V log|(/r)'(y)| y ^"^^ log I (/."+)' (y) I 

Now, given e > and (5^ > ascribed to e according to Lemma IHTTl fix an arbitrary 
5 e (0,(5^]. Set 

^^^^ = 4>^e} = (l^{l+S)q,T(q) + (qT'(q)+e)S exp(-(l + (5)P(<?!)q)) 



'^^^^ ='?^e^] = 0(l-5)g,T(q) + (-9T'(9)+e)5exp(-(l + (5)P(0g)). 



fP(0(l)) = fP(0(l+,-),,T(g) + (,T'(5)+e)5) + {l + 5) j P{(l>q)dm 
= ^P{4>{l+5)q.T{q) + (qT' {q)+e)5) 

£P{^^^^) ^ £P{^^^_S)^^Tiq) + (-qT'(q)+e)5) + {I - 5) f P{<t>q)dm 



and 
Since 

and 



= ^P{<l>{l-S)q,T(q) + (-qT' {q)+e)s) , 

it follows from Lemma [8.11 and Lemma f6.5i there exists = K{q,e,5) £ (0,1) such 
that for all A: = 1, 2, and all n > 1 sufficiently large, we have 

-log£V,(l)H <logA^ 

n <Pi 

for all X £ X+' and all w G J^0n{x)- Equivalently, 

(2.11) r;,.,(i)H<^". 

Now, for all a; G X'_^, all j > 1, all 1 < fc < 0(6*"^ {x) < a, and all z e f'""' {wkix^^)), 
define 

A{z) := {y e /7"^ (B(u;fe(x„J,0) : Bir^' (y), i?) C BK(x„J,0} • 
Note that 

(2.12) J y A(z)=J(:r). 



Fix any q € I?^ and set 
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A, = sup \ms^x{{{l + S)q,Tiq) + {qriq)+e)Sy, 

iil-5)q,Tiq) + {-qT'{q)+e)5r}]. 

Let X e X'_^. Set 

M cxp(Q5 (-gr'(g) + r(<z) - £)) . 

Then, using ^J^, Lemma [Ol (for the potential {x,z) i~> log|/^(z)|, ([^ . and 
(|2.1ip . we obtain 

(2.13) 

^,,.({2/ e : z.,,.(/-"^(B(r^(2/),i?))) > i(/;o'(y)r^^''^'^''^™^+^i) = 



7._, . -JAiz) 



A{z) 



^ ze/^ (tufc(x„ .)) 



•^,,.(/.~"^(^K(^". )'?)))) 



l(/:0'Wr*'^^'^^'+'^+'^''^'^'^~'^^'^+'^' exp(-(l + ,5)P;'^(0,(;^))) 
= MDf= E E cxp((l + %(5„,0(z)-P;^(,/>(z))-(l + <5)P,(0^O) 
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fe=i 

Therefore, 

oo 

Hence, by the Borel-CanteUi Lemma, there exists a measurable set ^ ^^^h 
that Vq^x{Ji^e^x) = 1 a-iid 

(2.14) #{j > 1 : v,,x{{y e J. : M,,. (4""^ (^(/"^ ^))) 

>l(/:0'(y)r^-^^'^'^+'^^*»-^})}<oo. 

Arguing similarly, with the function i/i^^' replaced by c/'^^-', we produce a measurable 
set >72*.e,2; C Jx such that Vq,xiJ2,e.x) = 1 ai^d 

(2.15) #{j > 1 : ,.,^x{{y e Jx ■■ fi,,x{fr^{B{r^{y),R))) 

<i(/ro'(y)r<-'^'^^)™+^i)}<oo. 

Set 

00 

•^■■r I I '^l,l/n,x ' ' '^2,l/n,2;- 

n=l 

Then Vq^x{JS) = 1 and, it follows from ((TTO)) and (PTTjl . that for all y ^ J^, we 
have 

q{Px'{f) - Sn.fiy)) , 
j^oo log|(/^^)'(2/)| 
Since lim„^oo ^ = li it thus follows from ((^ and (pHT]) that 

(2.16) d.„Jy) = -9r'(g) + r(<j), 
and (recall that i^i^x = and T(l) ~ 0) 

lim = -nq) 

r^O log r 

for all y S ^7^. As the latter formula implies that J'^ C K{—T'{q)), and as 
Vq.xiJS) 1; applying (|2.16|) . we get that 

9,A-T\q)) = W{Kx{~T'{q))) > HD(J,«)) = -gT'(g) + r(g). 

Combining this formula with (j2.8p completes the proof. □ 

As an immediate consequence of this proposition we get the following theorem. 

Theorem 8.3. Suppose that f{x,z) = {d{x), fx{z)) is a conformal random 
expanding map. Then the Legendre conjugate, g : Range(— T') [0,+oo), to the 
temperature function R 9 g s- T(g) is dijferentiable everywhere except a countable 
set of points, call it D^, and there exists a measurable set X^a C X with m(Xma) = 
1 such that for every a € D^) and every x € Xma, we have 
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3. Multifractal spectrum for uniformly expanding random maps 

Now, as in Section [5l we assume that we deal with a conformal uniform random 
expanding map. In particular, the essential infimum of is larger than some 
7 > 1 and functions H^^ n^{x), j{x) are finite. In addition, we have that there 
exist constants L and c > such that 

(3.1) Sn^xiy) < -nc + L 

for every y & Jx and n and £P{^p) — 0. With these assumptions we can get the 
following property of the function T . 

Proposition 8.4. Suppose that f : J ^ J is a conformal uniformly random 
expanding map. Then the temperature function T is real-analytic and for every q, 
we have 

I J fd^iq 



(3.2) 



T'{q) = 



< 0. 



Proof. The potentials 

^q.x.Av) ■= q{^x{y) ~ Pxi^)) - tiog\f'x{y)\. 

extend by the the same formula to holomorphic functions C x C 9 (g, t) i-^ ^q,x,t{y)- 
Since these functions are in fact linear, we see that the assumptions of Theorem l6.17l 
arc satisfied, and therefore the function M x R 9 (g, t) i-^- £P{q, t) is real-analytic. 
Since |/^(?/)| > 0, in virtue of Proposition 16. 181 we obtain that 

d£P{q,t) 



(3.3) 



dt 



log \fx\d^iq^x,tdm{x) < 0. 



J 



Hence, we can apply the Implicit Function Theorem to conclude that the temper- 
ature function R 9 g i-^ ^ IK., satisfying the equation, 



£P(g,r(g))=0, 



is real-analytic. Hence, 

d£P{^q) 



= 



d£Piq,t) 



dq 



d£P{q,t) 



t=T(q) 



dt 



Then 



dSP{q,t) 



dq 

t=T{q) _ Jj{(Px - Px)dfJ.q,xdm{x) 



t=T{q) 



T'{q). 



d£P{q,t) 
dt 



t=T(q) 



jj-^0Z\fxWq^xdm{x) 

J J ipxd^.q.xdm{x) - Pxdm{x) 
jj^o?>\fxWq,xdm{x) 



Ij fdflq 



Jjl0g\f'\dfj.q 



So, we obtain p.2|) . It follows, in particular, that 
(3.4) T'{q) < 0, 

since by p.ip . the integral Jjtpd^q is negative. 



□ 



Combining this proposition with Proposition 18.21 we get the following result which 
concludes this section. 
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Theorem 8.5. Suppose that ] : J ^ J is a conformal uniformly random 
expanding map. Then the Legendre conjugate, g : Range(— T') —>■ [0, +oo), to the 
temperature function R 9 g i— s- T{q) is real-analytic, and there exists a measurable 
set Xma C X with m{Xma) = 1 such that for every a € Range(— T') and every 
X € Xma, we have 

5/^. (a) = 5(a)- 



CHAPTER 9 



Examples 

In this chapter wc continue our investigations of geometric properties of con- 
formal random expanding maps. We analyze a rather large class of examples. They 
appear as similarity maps with different contraction rates, the so called G-systems, 
classical random systems, classical random conformal systems, complex dynamical 
systems and, perhaps most importantly, Briick and Biirger polynomial systems. 
Here as a consequence of the techniques we have developed, in particular, we pos- 
itively answer the question of Briick and Burger (see [5j and Question 5.4 in [4]) 
of whether the Hausdorff dimension of almost all (most) naturally defined random 
Julia sets is strictly larger than 1. We also show that in this same setting the 
Hausdorff dimension of almost all Julia sets is strictly less than 2. 

1. Random Cantor Set 

Here is our first example of an essentially random system. Define 
foix) = 3a;(mod 1) for x £ [0, 1/3] U [2/3, 1] 

and 

fiix) = 4.T(modI) for x £ [0, 1/4] U [3/4, 1]. 
Let X ~ {0, 1}^, 9 be the shift transformation and m be the standard Bernoulli 
measure. For x = {. . . ,x-i,xo,xi, . . .) g X define fx = fxo, fx = fe^-^x) ° 
fe^-'^iyx) o • ■ • % and 

OO 

The skew product map defined on IJxgx by the formula 

f[x,y) = (d{x),fxm 

generates a conformal random expanding system. We shall show that this system 
is essential. To simplify the next calculation, we define recurrently: 

Consider the potential tp* defined by the formula 

(p^ = -tlog^,(l). 

Then 

SnV*x = -t^Qgixin). 

Let C„ be a cylinder of the order n that is C„ is a subset of Jx of diameter (^^x^n))~^ 
such that fx\c-„, is one-to-one and onto Jgn(^^y We can project the measure m on 
Jx and we call this measure fix- In other words, fix is such a measure that all 
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cylinders of level n have the measure 1/2". Then by Low of Large Numbers for 
m-almost every x 

^.^ log fi^jCn) ^ log 2 ^ log 4 _ ^ 
n^oo logdiam(C„) (1/rt) log^j:(ri) logl2 

Therefore the Hausdorff dimension of J^x is for m-almost every x constant and equal 
to h. Next note that 

(1-1) /^^?^\, =exp(-g„P.) 



diam(C„)'' 



where 



:=log2-/ilogCx(l). 
This will give us the value of the Hausdorff and packing measure. So let Zq, Zi, . . . 
be independent random variables, each having the same distribution such that the 
probability of Z„ = log 2 — h log 3 is equal to the probability of Z„ = log 2 — h log 4 
and is equal to 1 /2. The expected value of Z„, £P, is zero and its standard deviation 
(T > 0. Then the Law of the Iterated Logarithm tells us that the following equalities 

lim inf — ^ + " _ _ 

n-+oo Y^loglogn 



and 



lini sup — = y Za 

ji-foo vnloglogn 



hold with probability one. Then, by (|l.ip . 

lim sup —r = CO and lim mi —r ~ 

„_»oo diam(c;„)'* n^ca diam(c;„)'^ 

for m-almost every x. In particular, the Hausdorff measure of almost every fiber 
jZr vanishes and the packing measure is infinite. Note also that the Hausdorff 
dimension of fibers is not constant as clearly HD(j7o=o) — log2/log3, whereas 
HD(Jioo) =log2/log4= 1/2. 



2. Random expanding maps on smooth manifold 

Let M be an n- dimensional compact Riemannian manifold and let / be a 
set equipped with a probabilistic measure mp. With every a G / we associate 
a differentiable expanding transformation of M into itself. Put X ~ and 
let m be the product measure induced by uiq. For x = .. .a_iaoai . . . consider 
ifj. ■= — log I det /^i^ I . We assume that all our assumption are satisfied. Then the 
measure v = voIm (where voIm is the normalized Riemannian volume on M) is 
the fixed point of the operator C* ^ with A^, = 1. Let qx be the function given by 
Theorem 13. 11 and let be the measure determined by d^x/dux = Qx- 

Wc write ~ x where points from we denote by a;~ ~ . . . a_2a-i 
and from by x~^ = ao^i ■ ■ •■ Then x~x'^ means x = . . . a-iUoai . . .. Note that 
Qx does not depend on x+, since nor does 1(2/). Then we can write Qx- ■= Qx 
and ^ix- fJ-x- Since fixig ° fa„) = y^9{x), 

(2.1) [i-x-{9° !a) = [i.x-a{9) 

for every a ^ I. 
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Define a measure /i* by djj,* = dfj.^- dm (x ) where m is the product measure 
on I-^. Then by 

j f^* {g ° fa)dmo{a} = J fi^- {g o fa)dm~ {x~) 




fJ-x-a{g)dm {x )dmo{a) = ^*{g). 



Therefore, ^* is a stationary measure. 

3. Classical Expanding Random Systems 

We shall now describe in detail a class of expanding random maps that because of 
their "random independence" can be considered as classical objects of probability 
theory. Let / be an arbitrary set and let mg be an arbitrary probability measure 
on /. Let m = and m+ be the product measures respectively on and J^. 
Denote by a the shift map on and alike. Both measures m and to+ are 
shift-invariant and ergodic. 

Definition 9.1. A measurable expanding random map T : ^ is called 
classical expanding random system if I is a hounded metric space and the following 
five properties are satisfied. 

(a) The base map : X ^ X is equal to the shift map a : ^ l'^ with the 
product invariant measure m ~ ?7ig°. 

(b) For every a E I there exists a map Ta : Y ^ Y such that for every u! G 

TuioiJui) C Ja(w) and T^q\j^ = T^- 

(c) The map T : J ^ J has the global neighborhood property. 

(d) The potential (j) : J' M. depends only on 0th coordinate, meaning that if 
LUo ^ To and ?/ G X H Jr. then 4>{uj, y) = 4>{t, y) 

(c) The map l'^ 3 uj t-^ ^<t>,u) is continuous. 

We say that a function g : — > M is past independent if g{ijj) ~ g{T) for any 
LJ,T <E with = r|jf . Fix k g (0, 1) and for every function g : ^ R set 

VK.{g) = sup{uK,„(.g)}, 

n>0 

where 

v^.nig) = K"" sup{|(7(w) - .g(r)| : cul'S = t\^} 
Denote by H„ the space of all bounded Borel measurable functions 5 : ^ M for 
which Vnig) < +00. Note that all functions in are past independent. Let Z_ 
be the set of negative integers. If / is a mctrizable space and c? is a bounded metric 
on /, then the formula 

00 

d+(w,r) = ^2-"d(u;„,T„) 

ri=0 

defines a pseudo- metric on , and for every r e , the pseudo-metric d+ restricted 
to {r} X N, becomes a metric which induces the product (Tychonoff) topology on 
{r} X N. 
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Theorem 9.2. Suppose that T : J J and cj) : ^ R form a classical 
expanding random system. Let A : — > (0, +oo) be the corresponding function 
coming from Theorem YS.W Then both functions A and P{4>) belong to with some 
K € (0, 1), and both are continuous with respect to the pseudo-metric d^. 

Proof. Let y be the global point resulting from Definition IQ.lT c). Fix n > 
and uj,T E with c^Iq = t\q. By Lemma [5.2) wc have 



A. 



< Ak" and 



C^+'Hy) 



with some constants ^ > and k e (0, 1). Since, by om- assumptions, = 
and = C^(^^-^t{y)., we conclude that |A^ - A^| < 2Ak'\ So, 

Vk(A) < 2 A. 

Since, by Lemma 15.31 the function A : ^ (0, +oo) is continuous, it is therefore 
bounded above and separated from zero. In conclusion, both functions A and P{4>) 
belong to with some k € (0,1), and both are continuous with respect to the 
pseudo- metric □ 



Corollary 9.3. Suppose that T : J ^ J and : — > IR form a classical 
expanding random system. Then the number (asymptotic variance of P{4>)) 

a^{P{(f>))^ lim - / (Sn{P{(l}))-n£P{(j))Ydm>0 

n^oc 71 J \ J 

exists, and the Law of Iterated Logarithm holds, i. e. 

n^oo -y/nloglogn 

Ti-»oo V" log log 

Proof. Let po : ^ I he the canonical projection onto the 0th coordinate 
and let G = Pq^{B), where B is the cr-algebra of Borel sets of /. We want to apply 
Theorem 1.11.1 from [15] . Condition (1.11.6) is satisfied with the function (object 
being here as in Theorem 1.11.1 and by no means our potential!) identically equal to 
zero since |m(AnB)-m(A)TO(B)| = for every A e GJJ' GOa-'^ig)!!. . . a-"^'{g) 
and B gG^ = f]^^ cr~^{G), whenever n > m. The integral / \P{(j))\'^+^dm is finite 
(for every S > 0) since, by Theorem 19.21 the pressure function P((/)) is bounded. 
This then implies that for all n > 1, |P(0)(t^) - £{Pi(t))\GS)it^)\ < v^{P{(j)))K'\ 
where Wre(P((/))) < +oo. Therefore, 

\P{cj,) - E{P{4>)\G^)\dm < v^iPmn^, 

whence condition (1.11.7) from [15] holds. Finally, P{4>) is CJ^-mcasurable, since 
P{4>) belonging to is past independent. We have thus checked all the assump- 
tions of Theorem 1.11.1 from |15] and, its application yields the existence of the as- 
ymptotic variance of P{4>) and the required Law of Iterated Logarithm to hold. □ 
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Proposition 9.4. Let g e Hk- Then <T^{g) = if and only if there exists 
u E C((supp(77io))^) such that g — m{g) ^ u — u o a holds throughout (supp(mo))^. 

Proof. Denote the topological support of mo by S. The implication that the 
cohomology equation implies vanishing of cr^ is obvious. In order to prove the other 
implication, assume without loss of generality that m(g) ~ 0. Because of Theorem 
2.51 from [10] ) there exists u G L2{m) independent of the past (as so is g) such 
that 

(3.1) g = u — u o a 

in the space L2{m). Our goal now is to show that u has a continuous version and 
p.ip holds at all points of 5^. In view of Lusin's Theorem there exists a compact 
set K C such that m{K) > 1/2 and the function u\k is continuous. So, in 
view of Birkhoff's Ergodic Theorem there exists a Borel set B C such that 
m{B) = 1, for every oj E B, cr^"(Lj) G K with asymptotic frequency > 1/2, u 
is well-defined on U^r-oo '^""(-S), and dSH) holds on cr-'^iB). Let Z_ = 

{— 1, —2, . . .} and let {mT-}^gjz_ be the canonical system of conditional measures for 
the partition {{r} x with respect to the measure m. Clearly, each measure 

niT-, projected to coincides with m^. Since m{B) ~ 1, there exists a Borel set 
F C S'^- such that m_(F) = 1 and TO^(Bn({T} x /^)) = 1 for all r G F, where m_ 
is the infinite product measure on S"^^ . Fix t E F and set Z = pN(i?n ({r} x /'*')), 
where pf^ : is the natural projection from to I^. The property that 

mr{B n ({r} X I^)) = 1 imphes that Z ~ S^. Now, it immediately follows from 
the definitions of Z and B that for all a;, y G Z there exists an increasing sequence 
("-fc)fc^i of positive integers such that cr^"'' (t.t), cr^"'' (ry) G K for all k > 1. For 
every < q < Uk we have from p.ip that 

(3.2) {9i<y\T-^''iry)))-gia\a-^'^iTx)))) + 

3=0 

+ £ {g{<j-^{a-^^-{Ty)))^g{a={cj-^^-{Tx)))) = 

= (u(cr-"'-(Ty)) - uia-'^'iTx)) + {u{tx) - u{Ty)). 

Since g G i/^, we have 

f]'(g(a^(a-"''(ry))) -g(a^(a-"'=(ry)))) < 

Tifc — g 

(3.3) < £ l5(^n^-"''(r2/)))-g(a^(a-"'=(ry)))| 

< ^ v^{g)K^--= <v^{g){l-^i)-^K''. 

3=0 

Now, fix e > 0. Take g > 1 so large that 

(3.4) v^{g){l-^)-^K'^ <e/2. 

Since the function 5 : — > M is uniformly continuous with respect to the pseu- 
dometric d, there exists 5 > such that \g{b) — g{a)\ < ^ whenever d{a,b) < 6. 
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Assume that d{x,y) < S (so d{a '^{Tx),a '(tj/)) < i5 for all i > 0) It then follows 
from ()3.2p - ()3.4|) that for every fc > 1 we have 

\u{tx) - u{Ty)\ < v,{g)il - k^^k" + + |u((7-"'= (ry)) - (rx))| 

Zq 

(3.5) - f + f + (^y)) " 

= e + I + Ha-^'iTy)) - u(a-"M™))l- 

Since (T~"''(T.T),(T~"'=(Ty) e /v for all fc > 1, since hmfe_oo rf(o'~"'= (rx), cr""'' (ry)) = 
0, and since the function u, restricted to K, is uniformly continuous, we con- 
clude that hnifc^oo (tj/)) — u{a~"-'' {tx))\ = 0. Hence, by (|3.5p . we get that 
\u{tx) — m(tj/)| < e. This shows that the function u is uniformly continuous (with 
respect to the metric d) on the set 

W^\J Bn ({r} X /N) 

Since W = (as m(VF) = 1) and since u is independent of the past, we con- 
clude that u extends continuously to S^. Since both sides of p.ip are continuous 
functions, and the equality in (|3.ip holds on the dense set W n (j~-^{W), we are 
done. □ 

4. Classical Conformal Expanding Random Systems 

This section is a continuation of the previous one and its application to geometry. 
We start with the following definition. 

Definition 9.5. A conformal expanding random map j : J ^ J is called 
classical ij the conditions (a)-(c) of Definition 19.11 are satisfied and the Perron- 
Frobenius operators induced by potentials 4>t = — tlog|/'|, i € R, are continuous 
(condition (e) holds). The condition (d) of Definition WA\ is then automatically 
satisfied. So, f (with potentials (pt) is classical in the sense of Definition \9.i\ 



Theorem 9.6. Suppose f : J J is a classical conformal expanding random 
system. Then the following hold. 

(a) The asymptotic variance a^{P{h)) exists. 

(b) If a'^{P{h)) > 0, then the .system f : J ^ J is essential, U^iJx) = 
and V^{Jx) = +00 for m-a.e. x € I^. 

(c) //, on the other hand, a'^(P{h)) = 0, then the system f : J J , reduced 
in the base to the topological support of m (equal to supp(TOo)^J; 'is quasi- 
deterministic, and then for every x e supp(m), we have: 

(cl) i''^ is a geometric measure with exponent h. 

(c2) The measures v^, 'H'''\j^, and V^\j^ are all mutually equivalent 
with Radon-Nikodym derivatives separated away from zero and infin- 
ity independently of x G and y ^ Jx- 

(c3) <H''(^,),7'''(^,) < +00. 

(c4) HD(^,) = h. 
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Proof. It follows from Corollary 19.31 that the asymptotic variance a'^{P{h)) 
exists. Combining this corollary (the Law of Iterated Logarithm) with Remark 1 7. 5) 
we conclude that the system f : J ^ J is essential. Hence, item (b) follows 
from Theorem I7.7r a). If, on the other hand, cr^(P(/i)) = 0, then the system / : 
J J . reduced in the base to the topological support of m (equal to supp(mo)^), 
is quasi-deterministic because of Proposition 19.41 Theorem 19.21 (P(h) S TCk), and 
Remark 17.61 Items (cl)-(c4) follow now from Theorem 17. 7r blV(b4). We are done. 

□ 

As a consequence of this theorem we get the following. 

Theorem 9.7. Suppose f : J ^ J is a classical conformal expanding random 
system. Then the following hold. 

(a) Suppose that for every a; € the fiber Jx is connected. If there exists 
at least one w £ supp(m) such that HD(j7iu) > 1, then HD(j/^) > 1 for 
m-a.e. x G . 

(b) Let d be the dimension of the ambient Riemannian space Y. If there exists 
at least one w £ supp(m) such that HD(j7iu) < d, then HD(j7x) < d for 
m-a.e. x £ I^ . 

Proof. Let us proof first item (a). By Thcorcm l9.6r a) the asymptotic variance 
cr2(p(/i)) exists. If (T'^{P{h)) > 0, then by Theorem [nH;a) the system f : J J 
is essential. Thus the proof is concluded in exactly the same way as the proof of 
Theorem 17.8^ 3'). If, on the other hand, a^{P{h)) = 0, then the assertion of (a) 
follows from Theorem 19. 6r c4) and the fact that HD(j7iu) > 1 and w £ supp(m). 

Let us now prove item (b). If a'^{P{h)) > 0, then, as in the proof of item (a), the 
claim is proved in exactly the same way as the proof of Theorem I7.8r 4) . If, on the 
other hand, a'^{P{h)) = 0, then the assertion of (b) follows from Theorem 19. 6f c4') 
and the fact that HD(j7tu) < d and w £ supp(m). We are done. □ 

5. Complex Dynamics and Briick and Burger Polynomial Systems 

We now want to describe some classes of examples coming from complex dy- 
namics. They will be classical conformal expanding random systems as well as 
G-systems defined later in this section. Indeed, having a sequence of rational func- 
tions F = {/n}^o *he Riemann sphere C we say that a point z G C is a member 
of the Fatou set of this sequence if and only if there exists an open set Uz containing 
z such that the family of maps {fn\u,}^=o is normal in the sense of Montel. The 
Julia set J{F) is defined to be the complement (in C) of the Fatou set of F. For 
every fc > put F^ = {/fc-i-n}J^Lo ^"^^ observe that 

(5.1) J{Fk+i)^ fk{J{Fk)). 

Now, consider the maps fc{z) ~ fd.c{z) — z"^ + c. d > 2. Notice that for every e > 
there exists 5^ > such that if |c| < S^, then fc{B{0,e)) C B{0,e). Consequently, 
if w e 5(0, e)Z, then 

JiiUJn^o) C {z e C : |z| > e} 

and 

(5.2) \fLAz)\>ds'-' 



82 



9. EXAMPLES 



for all z e ^({/c.,+J,?=o)- Let 

(5(d) ^ sup{55 : £ > ^-{/rfd}. 

Fix < (5 < (5((i). Then there exists e > '^^{fxjd such that 5 < (J^. Therefore, by 
(Ell), 

(5.3) l/:,WI>rfe'^-' 

for all w e 5(0,(5)^, aU /c > and all 2 e J'({/tjfc+„}5^Lo)- A straight calculation 
([4], p. 349) shows that (5(2) = 1/4. Keep < (5 < 5(d) fixed. Let 

^d,5 = {/d,c:cG 5(0,(5)}. 

Consider an arbitrary ergodic measure- preserving transformation Q : X X . Let 
m be the corresponding invariant probability measure. Let also H : X ^ Td.s be 
an arbitrary measurable function. Set fd^x = ^^(2;) for all x & X. For every x & X 
let Jx be the Julia set of the sequence {fgr^{x)}'^=oi and then J = Uxgx ^x- Note 
that, because of (|5.ip . fd,x{Jx) = J0{x)- Thus, the map 

(5.4) fd,SfiM{x,v) = [e{x),,fd,x{v)) xCX,y£Jx, 

defines a skew product map in the sense of Section [T] of our paper. In view of (|5.4p . 
when 6 : X ^ X is invertible, fd.s.e.H is a distance expanding random system, and, 
since all the maps fx are conformal, fd.s.e.H is a conformal measurably expanding 
system in the sense of Definition 17. II As an immediate consequence of Theorem [72] 
we get the following. 

Theorem 9.8. Let : X X be an invertible measurable map preserving a 
probability measure m. Fix an integer d > 1 and < 6 < 6(d). Let H : X ^ Td.s 
be an arbitrary measurable function. Finally, let fd.s,e,H be the distance expanding 
random system defined by formula i (5.4)] . Then for almost all x ^ X the Hausdorff 
dimension of the Julia set Jx is equal to the unique zero of the expected value of 
the pressure function. 



Theorem 9.9. For the conformal measurably expanding systems fd.s.e.H defined 
in Theorem \9.8\ the multifractal theorem, Theorem 18.41 holds. 

We now define and deal with Briick and Burger polynomial systems. We still 
keep d > 2 and < 5 < (5(d) fixed. Let X = B{0, 5f and let 6 : B{0, 5f B{0, 5f 
to be the shift map denoted in the sequel by a. Consider any Borel probability 
measure toq on _B(0, (5) which is different from (5o, the Dirac 5 measure supported 
at 0. Define H : X ^ Td.s by the formula L1(lS) ~ fd,uja- The corresponding 
skew-product map fd^s '■ J ^ J is then given by the formula 

fd,s{oJ,z) = {a{uj), fd,ujo{z)) = {a{uj),z'^ +ujq), 

and fd,s,uj{z) = z'^ + ojq acts from to J^i^^), where X. = Jdfd.ujJ^^o)- Then 
f : J ^ J vo called Briick and Biirger polynomial systems. Clearly, f : J J is 
a classical conformal expanding random system. 



6. DG-SYSTEMS 



83 



In [4] Briick speculated on page 365 that if 5 < 1/4 and mo is the normaUzed 
Lebesgue measure on B{0,S), then 110(^7^) > 1 for m+-a.e. uj G B{0,5y^ with 
respect to the skew-product map 

(cj,z) {a{uj),z^ +ujo). 

In [5] this problem was explicitly formulated by Briick and Biirger as Question 5.4. 
Below (Theorem I9.10p we prove a more general result (with regard the measure 
on B{0,S) and the integer d > 2 being arbitrary), which contains the positive 
answer to the Briick and Biirger question as a special case. In [4] Briick also 
proved that if 5 < 1/4 and the above skew product is considered then X2{Ju) ~ 
for all Ld £ B{0,S)^, where A2 denotes the planar Lebesgue measure on C. As a 
special case of Theorem 19.101 below we get a partial strengthening of Briick's result 
saying that IID(J7^) < 2 for TO+-a.c. w £ B{0,S)^. Our results are formulated for 
the product measure m on B{0,S)^, but as m+ is the projection from B{0,5)^ to 
B{0,d)^ and as the Juha sets Juj, € B{0,6)^ depend only on w|o°°, i.e. on the 
future of UJ, the analogous results for m+ and -8(0, S)^ follow immediately. Proving 
what we have just announced, note that if loq G supp(mo) \ {0}, then 

HD(X^»))=HD(^(/^J)G (1,2) 

(the equality holds already on the level of sets: J^^^ = Jifujo)), and by [5], all the 
sets JTL., w G B{0,d)^, are Jordan curves. Hence, since f : J ^ J is a classical 
conformal expanding random system, as an immediate application of Theorem 19. 71 
we get the following. 

Theorem 9.10. If d > 2 is an integer, < S < S{d) the skew-product map 
fd,S '■ J ^ J is given by the formula 

fd,s{(^,z) = (cr(w),/d,^o(z)) {a{uj),z'^ +ujo), 

and mo is an arbitrary Borel probability measure on B{Q, 5), different from So, the 
Dirac 5 measure supported at 0, then for m-almost every uo G _B(0,(5)^ we have 
1 < HD(JL.) < 2. 

6. DG-Systems 

We now want to discuss another class of expanding random maps. This is the 
setting from [7]. We want to describe this setting now. So, suppose that Xq and Zq 
are compact metric spaces, 6*0 : Xq Xq and To : Zo ^ Zq are open topologically 
exact distance expanding maps in the sense as in [15] . We assume that Tq is a 
skew-product over Z, i.e. for every x G Xq there exists a compact metric space Jx 
such that Zq = UxeXoi"''} ^ ■-^^ ^'^'^ ^"^^ following diagram commutes 

Zq Zq 



Xn 



Xn 



where 7r(x, y) = x and the projection tt 
we assume that there exists L such that 



(6.1) 



Zq Xq is an open map. Additionally, 
dxo{do{x),0oix')) < Ldx{x,x') 
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for all X E X and that there exists > such that, for all x,x' satisfying 
dxo{x,x') < ^1 there exist y,y' such that 

(6.2) d{{x,y),{x',y')) <C 

Wc then refer to Tq : Zq ^ Zq and Oq : Xq Xq as a DG system. Note that 
To{{x} X Jo;) C {Oo{x)} X Jeo{x) and this gives rise to the map T^, : Jx -> Jeo{x)- 

Since To is distance expanding, conditions uniform openness, measurably ex- 
panding measurability of the degree, topological exactness (see Chapter [2]) hold 
with some constants 7i; > 7 > 1, deg(Ta;) < A'^i < +00 and the number rir = nr{x) 
in fact independent of x. Scrutinizing the proof of Remark 2.9 in [7] one sees that 
Lipschitz continuity (Denker and Gordin assume differentiability) suffices for it to 
go through and Lipschitz continuity is incorporated in the definition of expanding 
maps in [15] . Now assume that </> : Z — > M is a Holder continuous map. Then the 
hypothesis of Theorems 2.10, 3.1, and 3.2 from [7] are satisfied. Their claims are 
summarized in the following. 



Theorem 9.11. Suppose that Tq : Zq ^ Zq and 9q : Xq ^ Xq form a DG 
system and that (j) : Z ^ R is a Holder continuous potential. Then there exists a 
Holder continuous function P{(j}) '■ Xq M, a measurable collection {i^xyxeXo ^.''^d 
a continuous function q : Zq ^ [0, +00) such that 

(a) i/g(j(3.)(^) = ey.Y>{Px{<f)) X4 e~'^''dvx for all x G Xq and all Borel sets A C 
J^x such thatTx\A is one-to-one. 

(b) J J qxdvx = 1 for all x G Xq. 

(c) Denoting for every x G Xq by ^x the measure qxi'x we have 



w^6^^(x) 



lJix{A) 



for every Borel set A d J^x- 



This would mean that we got all the objects produced in Section 4 of our 
paper. However, the map 6q : Xq Xq need not be, and apart from the case when 
Xq is finite, is not invertible. But to remedy this situation is easy. We consider 
the projective limit (Rokhlin's natural extension) 9 : X X oi 6q : Xq Xq. 
Precisely, 

X = {(x„)„<o : OQ^Xn) = Xn+i^n < -1} 

and 



Then : X 



d{iXn)n<o) = iOQ{Xn))n<0- 

X becomes invertible and the diagram 



(6.3) 



X 



Xq 



X 



Xq 



commutes, where p[{xn)n < O) = xq. If in addition, as we assume from now on, 
the space X is endowed with a Borel probability ^o-invariant ergodic measure mo. 
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then there exists a unique ^-invariant probabihty measure measure m such that 



= mo. Let 



We define the map T : Z 



Z:= U Wx J.o. 

xex 

Z by the formula 
T{x,v)^{e{x),T^M) 



and the potential X ^ x ^ ipi^o) from X to M. We keep for it the same symbol 
<j). Clearly the quadruple (T, 9, m, 0) is a Holder fiber system as defined in Sec- 
tion 2 of our paper, ft follows from Theorem 19.111 along with the definition of 9 
a commutativity of the diagram (|6.3p for a; e X all the objects Px{4>) = Pxo{4>)i 
Xx = cxp{Px{(j))), = qa,o, = 1^X0, and /i^ = fia:o enjoy aU the properties required 
in Theorem 13.11 and Theorem 13.21 in particular they are unique. From now on we 
assume that the measure m is a Gibbs state of a Holder continuous potential on 
X (having nothing to do with (j> or P{4>); it is only needed for the Law of Iterated 
Logarithm to hold). We call the quadruple (T, 9, m, (j)) DG*-system. 

The following Holder continuity theorem appeared in the paper [7] . We provide 
here an alternative proof under weaker assumptions. 

Theorem 9.12. If dx{x,x') < then {X^ - X^^l < Hd'^{x,x'). 

Proof. Let n be such that 



(6.4) dx{9'''-\x),9'^-\x')) < and dx((?'"(x), ^^"(x-')) > 6- 

Let z G T-2"+i(?/) and z' e T-^''+^{y'). Then for all fc = 0, . . . , n - 1 

\^{T''{z)) ~ ip{T''{z'))\ < Cd°'{T''{z),T^[z')) < c^-"»^-"("-fc-i)^. 

Then 



\S„ip{z) - S'„v3(z')| < 



1 -7~" 



Put C :== CC/(1 - 7""). Then 



log 



and 

Then 
(6.5) 



log 



^e{x]Mw) 



r;-i(u;') 



log — ^/ ' log ■ ^ ' 



Let a' := (alog7)/(21ogi). Then by (IO|) 



7 = L 
Then (|6.5|) finishes the proof. 



< 2C"7- 



^ (d(0'"(x),g'"(xO))"' ^ (d(x,x'))"' 



^a' J^ — 2na' 



i1 



□ 
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9. EXAMPLES 



Since the map : ^ is expanding, since m is a Gibbs state, and since 
: Xq ^ M is Holder continuous, it is well-known (see |15j for example) that 
the following asymptotic variance exists 

(j2(P(0))= lim - [ (Sn{Pi(l>))-n£P{(j))Ydm. 

n— ►oo n J \ I 

The following theorem of Livsic flavor is (by now) well-known (see |15j ). 



Theorem 9.13. Suppose {T,9,m,(j)) is a DG*-system. Then the following are 
equivalent. 

(a) a2(P(0)) = O. 

(b) The function P{(f>) is cohomologous to a constant in the class of real- 
valued continuous functions on X (resp. Xq), meaning that there exists a 
continuous function li : X K (resp. u : Xq — > such that P{<j)) — (u — 
uo 9) (resp. P{4') — {u — no Oq) ) is a constant. 

(c) The function P{(j)) is cohomologous to a constant in the class of real-valued 
Holder continuous functions on X (resp. Xq), meaning that there exists 
a Holder continuous function u : X ^ M. (resp. u : X R) such that 
P{(f>) — {u — uo 0) (resp. P{(t>) ^ {u — no 9q) ) is a constant. 

(d) There exists R Cz R. such that P^^{(f>) = nR for all n > 1 and all periodic 
points X € X (resp. Xq). 



As a matter of fact such theorem is formulated in |15| for non-invertible {6q) maps 
only but it also holds for the Rokhlin's natural extension 6. The following theorem 
follows directly from |15| and Theorem 19. Ill (Holder continuity of P{4>y). 



Theorem 9.14. (the Law of Iterated Logarithm) If {T, 9, m, 0) is a DG*-system 
and a^{P{(j))) > 0, then 

ra— >oo ynloglogn 

< hmsup "^"( f ) - "^ -^ ^ V 2aHPm m-a.e. 
n^oo vnloglogn 

7. Conformal DG*-Systems 

Now we turn to geometry. This section dealing with, below defined, conformal 
DG*-systcms is a continuation of the previous one in the setting of conformal 
systems. We shall show that these systems naturally split into essential and quasi- 
deterministic, and will establish their fractal and geometric properties. Suppose 
that (/o, ^o) is a DG-system endowed with a Gibbs measure vtlq at the base. Suppose 
also that this system is a random conformal expanding repeller in the sense of 
Section 6.1 and that the function : Z ^ R given by the formula 

<j,{x,y) = -\og\f'M\. 

is Holder continuous. 



Definition 9.15. The corresponding system {f,9,m) = {f,9,m,(j)) (with 9 the 
Rokhlin natural extension of 9q as described above) is called conformal DG*-system. 



7. CONFORMAL DG*-SYSTEMS 
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For every f G M the potential 4>t = t(f>, considered in Section 6.2, is also Holder 
continuous. As in Section 6.2 denote its topological pressure by P{i). Recall that h 
is a unique solution to the equation £P{t) = 0. By Theorem l7.2l fBowcn's Formula) 
HD(j7i;) = h for m-a.c. x ^ X. As an immediate consequence of Theorem 17.71 
Theorem 19. 14[ and Remark 17.61 we get the following. 

Theorem 9.16. Suppose {f,9,m) = {f,9,m,(f>) is a random conformal DG*- 
system. 

(a) If a^{P{h)) > 0, then the system (/, 6, to) is essential, and then Ti,^{Jx) ~ 
and V^iJx) = +oo. 

(b) //, on the other hand, a^{P{h)) ~ 0, then (/, 9, to) ~ (/, 9, to, 4>) is quasi- 
deterministic, and then for every x £ X , we have 

(bl) v'^ is a geometric measure with exponent h. 

(b2) The measures v^, 'H^\j^, and 'P^\j^ are all mutually equivalent 
with Radon-Nikodym derivatives separated away from zero and infin- 
ity independently of x G X and y & Jx- 

(b3) Q<n''{Jx),V''{Jx) <+oo. 

(b4) HD(J7,) = h. 

Exactly as Corollary 17.81 is a consequence of Theorem 17.71 the following corollary 
is a consequence of Theorem 19.161 

Corollary 9.17. Suppose (f,9,m) ~ {f,9,m,(j)) is a conformal DG*-system 
and a^{P{h)) > 0. Then the system [f,9,m) is essential, and for m-a.e. x eX 
the following hold. 

(1) The fiber is not bi-Lipschitz equivalent to any deterministic nor quasi- 
deterministic self- conformal set. 

(2) J7x is not a geometric circle nor even a piecewise smooth curve. 

(3) // J7x has a non-degenerate connected component (for example if is 
connected), them h — HD(j7x) > 1- 

(4) Let d be the dimension of the ambient Riemannian space Y . Then HD(j7i:) < 
d. 

Now, in the same way as Theorem 19 .71 is a consequence of Theorem 19. 61 Corol- 
lary [OT] yields the following. 

Theorem 9.18. Suppose {f,9,m) — {f,9,m,(j)) is a conformal DG*-system. 
Then the following hold. 

(a) Suppose that for every x £ X , the fiber is connected. If there exists 
at least one w S supp(to) such that HD(j7m) > 1, then HD(j7i:) > 1 for 
m-a.e. x £ I^ . 

(b) Let d be the dimension of the ambient Riemannian space Y . If there exists 
at least one w € X such that HD(j7u,) < d, then }ID{J^x) < d for m-a.e. 
xeX. 
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9. EXAMPLES 



We end this subsection and the entire section with a concrete example of a conformal 
DG*-system. In particular, the three above results apply to it. Let X := Sg = 
{z ^ C : \z\ — S}. Fix an integer k > 2. Define the map Oq : X X hy the formula 

Then e'oix) = kS^-''x''-\ and therefore \9'o{x)\ = fc > 2 for aU a; e X. The 
normalized Lebesgue measure Aq on X is invariant under Oq. Define the map 
H : X -^Tdhy setting H{x) = f^. Then 

/eo,i/,o(a:,y) = (fc(5i-'=x'=-i,.g'* + x). 

Note that [fgo,H.Q,So,\o) is a uniformly conformal DG-system and let (/e^^f,0, A) 
be the corresponding random conformal G-system, both in the sense of Chapter [T] 
Theorem 19. 161 Theorem 19. 181 a-nd CoroUarv 19 . 1 71 applv. 

Theorem 9.19. // (/so.-ff.Oi ^o, -^o) is the random conformal DG*-system de- 
scribed above, then 

(f) n'^iJc,) = and r'^iJ,:) = +CX) for X-a.e. x E X if only {feo,H,o,Oo, Xo) 
is essential. In consequence, for X-a.e. x € X the Julia set Jx is not bi- 
Lipschitz equivalent to any deterministic self- conformal set. Furthermore, 
Jx is not a geometric circle nor even a piecewise smooth curve. In fact, if 
Jx is connected (it suffices to have a non-degenerate connected component) 
then 

h = llD{Jx) > 1. 

(g) //, on the other hand, [fgf,.H,Q,&o, ^o) is quasi- deterministic, then for every 

X e X, 

(gl) ly^ geometric measure with exponent h. 

(g2) The measures v^, 'H^\j-,, and 'P^\j^ are all mutually equivalent 
with Radon-Nikodym derivatives separated away from zero and infin- 
ity independently of x G X and y & Sx- 

(g3) Q<'H''{Jx).V''{Jx) <+^. 

(g4) BB{Jx) = h. 
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